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Level Lines of Gaussian Free Field 
Whole-Plane GFF 


Menglu WANG and Hao WU 

Abstract 

We study the level lines of GFF starting from interior points. We show that the level line of GFF starting from an 
interior point turns out to be a sequence of level loops. The sequence of level loops satisfies “target-independent” 
property. All sequences of level loops starting from interior points give a tree-structure of the plane. We also 
introduce the continuum exploration process of GFF starting from interior. The continuum exploration process of 
whole-plane GFF satisfies “reversibility”. 
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1 Introduction 


This is the second in a series of two papers the first of which is |WW16j . Suppose that h is a smooth real-valued 
function defined on the complex plane C, then level lines of h are curves along which h has constant value. In 
lSS09ll^l3l . the authors derive that one can still make sense of level lines of Gaussian Free Field (GFF), which 
is nolonger a pointwise-defined function and can only be viewed as a distribution. The level lines of GFF are still 
continuous curves, which are variants of Schramm Loewner Evolution (SEE4). 

In IIWW16L we study level lines of GEE that start from boundary points. In the current paper, we will study 
level lines of GEE that start from interior points. We show that the level line of GEE starting from an interior point 
turns out to be a sequence of level loops (Theorems ] 1.1.1 ] and 1.1.21. We explain the interaction behavior between 
two sequences of level loops (Theorems ] 1.1.3 ] and ] 1.1 .4] ) : two sequences of level loops with distinct starting points 
but common target point will merge; two sequences of level loops with common start point and distinct target points 
coincide up to the first disconnecting time after which the two processes continue toward their target points in a 
conditionally independent way. The latter fact is so-called “target-independent” property of the sequence of level 
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loops. Consider all sequences of level loops starting from interior points, they give a tree-structure of the complex 
plane (Theorem |1.1.5| ). 

We also introduce continuum exploration processes of GFF starting from interior points. They are sequences 
of quasisimple loops (Theorems 1.2.1 and 1.2.2 1 . We describe the interaction behavior between two continuum 
exploration processes (Theorems 1.2.3 and 1 1.2.4] ). All continuum exploration processes starting from interior 
points also give a tree-structure of the plane (Theorem |1.2.5| ). We wish to highlight an interesting fact about the 
continuum exploration processes.The continuum exploration processes of whole-plane GFF satisfy reversibility: 
the continuum exploration process starting from the origin targeted at oo “coincides” (in a certain sense which will 
be made precise in Theorem |1.2.6 1 with the continuum exploration process starting from oo targeted at the origin. 

In a series of papers IlMS 16al [MS 1 6bl [MS 1 21 IMS 1 31 . the authors study the flow lines of GFF. In particular, 
IMS16al studies the flow lines starting from boundary points and IIMS13II studies the flow line starting from interior 
points. The current paper is motivated by IlMS 131 . However, the situation for the level line starting from interior is 
quite different from the flow line case: the flow line starting from an interior point is a continuous curve; whereas, 
the level line starting from interior will merge with itself, and the only natural way to describe it is by a sequence 
of loops. 

This paper is also an important part in a program on conformal invariant metric on CLE 4 which includes 
1WW131[SWW161 IWW16I . In IIWW131 . the authors constructed a conformal invariant growing process in CLE 4 
(recalled in Section [3fl] ) where each loop has a time parameter. The authors conjectured that the time parameter is 
a deterministic function of the loop configuration. Eater, Scott Sheffield pointed out that the conformal invariant 
growing process in CEE 4 is closely related to the exploration process of GEE (which is made precise in IIWW161 
Section 3] and Sections 3.2[ 3.31. The tools that we develop in the current paper will be used in the program by 
Scott Sheffield, Samuel Watson, Wendelin Werner and Hao Wu which tries to prove the conjecture that the time 
parameter in CEE 4 constructed in IIWW13II is a deterministic function of the loop configuration, and hence gives a 
conformal invariant metric on CEE 4 loops. 


1.1 Sequence of level loops starting from interior 

To consider level line of GFF starting from an interior point, it is natural to consider a random sequence of level 
loops instead of a random path, and the height difference between two neighbor loops is rX for some fixed number 
r G (0,1). A simple loop in the complex plane is the image of the unit circle in the plane under a continuous 
injective map. In other words, a simple loop is a subset of C which is homeomorphic to the unit circle 5U. Note 
that a simple loop is oriented either clockwise or counterclockwise. If L is a simple loop, then L separates the 
plane into two connected components that we call its interior int(L) (the bounded one) and its exterior ext(L) (the 
unbounded one). Assume that the origin is contained in int(L), we define the inradius and outradius of the loop L 
to be 

inrad(L) = sup{r > 0 : rU C int(L)}; outrad(L) = inf{7? > 0 : C\/?U C ext(L)}. 

We call a sequence of simple loops (L„,n G Z) in the plane a transient sequence of adjacent simple loops dis¬ 
connecting the origin from infinity if the sequence satisfies the following properties. 

(1) For each n, the loop disconnects the origin from infinity; 

(2) For each n, the loop L„_i is contained in the closure of int(L„) and L„_i nL„ / 0; 

(3) The sequence is transient: 

outrad(L„) —)• 0 as n^—oo-, inrad(L„)—)• 00 as n^oo. 

Given a transient sequence of adjacent simple loops {L„,n G Z), we use the term level loop boundary condi¬ 
tions with height difference rX to describe the boundary values given by the following rule. Assume that the loop 
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L„ has boundary value c on the left-side and 2A -I- c on the right-side, the boundary value of i is 


c -|- rA on the left-side and 2X+c + rX on the right-side, 
c — rX on the left-side and 2A -|- c — rA on the right-side, 


if L„_i is clockwise; 
if L„_i is counterclockwise. 


See Figure [T7TTT| 


2A-rc 




(a) If L„_i is clockwise, it has boundary value c -|- rA (b) If L„_i is clockwise, it has boundary value c -|- rA 
to the left-side. to the left-side. 

2A-r c C 




(c) If L„_i is counterclockwise, it has boundary value (d) If L„_i is counterclockwise, it has boundary value 
2A -|- c — rA to the right-side. 2A -|- c — rA to the right-side. 

Fig. 1.1.1: Explanation of the level loop boundary conditions with height difference rA. Assume that 
the boundary value of the loop L„ is c to the left-side and is 2A -|- c to the right-side. 

Note that, once we know the boundary values of a loop L„q in the sequence, we can tell the boundary values of 
all loops L„, for n < no> by the level loop boundary conditions with height difference rA. 

We say a domain D C C has harmonically non-trivial boundary if a Brownian motion started at a point in D 
hits dD almost surely. We call a sequence of simple loops {L„,n G Z) in D a transient sequence of adjacent simple 
loops disconnecting z G D from dD if the sequence satisfies the following properties. 

(1) For each n, the loop L„ disconnects z from 5D; 

(2) For each n, the loop L„_i is contained in the closure of the connected component of D \ L„ that contains z; 

(3) The sequence is transient: the loop L„ converges to {z} in Hausdorff metric as n —)■ —oo. 
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The level loop boundary conditions with height difference rX for a transient sequence of adjacent loops in D is 
defined in the same way as before. 

The following two theorems explain that the level line of GFF starting from an interior point turns out to be a 
transient sequence of adjacent loops. 


Theorem 1.1.1. Fix a connected domain D <zC with harmonically non-trivial boundary, a starting point z€ D, 
and a number r G (0,1). Let h be a GFF on D with some boundary values. There exists a coupling between h and 
a random transient sequence {L„,n G Z) of adjacent simple loops disconnecting zfrom dD such that the following 
domain Markov property is true. For any stopping time N, the conditional law ofh given {Ln,n < N) is a GFF on 
D \ Gn<NLn whose boundary value agrees with the boundary value ofh on dD and is given by level loop boundary 
conditions with height difference rX on {Ln,n < N). 

IfD = C and h is a whole-plane GFF (modulo a global additive constant in rX'L), there is also a coupling 
between h and a random transient sequence {Ln,n G Z) of adjacent simple loops disconnecting the origin from 
infinity such that the following domain Markov property is true. For any stopping time N, the conditional law of 
h given {Ln,n < N) is a GFF (modulo a global additive constant in rX'L) on C\ whose boundary value is 

given by level loop boundary conditions with height difference rX on {Ln,n < N). 


Theorem 1.1.2. In the coupling of a GFFh and a random sequence of loops {L„,n G Z) as in Theorem 1.1. j the 
sequence {Ln,n G Z) is almost surely determined by the field h viewed as a distribution modulo a global additive 
constant in rX'L. 


In the coupling between a whole-plane GFF h and a sequence of loops (L„,n G Z) given by Theorem 1.1.1 
we call the sequence of level loops the alternating height-varying sequence of level loops of h starting from the 
origin targeted at oo. 

The following two theorems explain the interaction behaviors between two sequences of level loops. 

Theorem 1.1.3. Fix r G (0,1). Suppose that h is a whole-plane GFF modulo a global additive constant in rXL. 
Fix two starting points Z\,Z2- For i = 1,2, let {Lfl,n G Z) be the alternating height-varying sequence of level loops 
ofh with height difference rX starting from Zi targeted at oo. Define 


N\ = min{?i: disconnects zifrom oo}; N 2 = min{?i: L® disconnects zi from oo}. 

Then, almost surely, the loops and coincide; moreover, the two sequences of loops (L^ ,n > Ni) and 
{L^,n >N 2 ) coincide. 

Theorem 1.1.4. Fix r G (0,1). Suppose that h is a whole-plane GFF modulo a global additive constant in rXL. Fix 
three points z,rvi,W 2 . For i= 1,2, let G Z) be the alternating height-varying sequence of level loops ofh 

with height difference rX starting from z targeted at w,-; and denote by Uf' the connected component ofC\L^'^' 
that contains rv,-. Then there exists a number M such that 


^ ^ forn<M-F, and r\Uf^=lb, forn = M. 

Given , n < M), the two sequences continue towards their target points respectively in a conditionally 

independent way. 

The following theorem explains that all sequences of level loops give a tree-structure of the plane. 

Theorem 1.1.5. Fix r G (0,1). Suppose that h is a whole-plane GFF modulo a global additive constant in rXL. 
Suppose that {Zm,fn > 1) <^ny countable dense set and, for each m, let {Lf,n G Z) be the alternating height- 
varying sequence of level loops ofh with height difference rX starting from Zm targeted at oo. Then the collection 
{{Lf,n £L),m> 1) almost surely determines the field h and its law does not depend on the choice of{zm,fn > 1). 
Moreover, the collection ({Lf,n € L),m > 1) forms a tree structure in the sense that, almost surely, any two 
sequences of level loops merge eventually. 
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Remark 1.1.6. In the coupling {h, {Ln,n G Z)) as in Theorem 1.1.1 for D = C, the Hausdorff dimension of the 
intersection of two neighbor loops is almost surely given by (see hWW16\ Remark 1.1.5]) 

dim//(L„nL„+i) =2- ^(2 + r)^. 

This implies that, given the sequence of level loops {Ln,n G Z), we can tell the height difference rX through the 
Hausdorff dimension of the intersection of two neighbor loops. 

Generally, for any two loops L„ and in the sequence, on the event {Ln H L,„ 7 ^ 0}, their height difference 
St >Q can be read from the Hausdorff dimension of their intersection: 

1 


dim//(L„ nL;„) = 2 - - ( y + 2 


1.2 Continuum exploration process starting from interior 

In this section, we will describe a continuum exploration process of GFF starting from an interior point. This 


process can be viewed as the limit of the sequence of level loops in Theorem 1.1.1 as r goes to zero. 

Before defining the continuum exploration process, we need to define a suitable space of loops (see also USheOQl 
Section 4.1]). As we introduced in Section o a simple loop is a subset of C which is homeomorphic to the unit 
circle 5U. Recall that int(L) is the bounded connected component of C\L, and int(L) is a simply connected 
domain. There exists a conformal map cp from int(L) onto U and cp can be extended as a homeomorphism from the 
closure of int(L) onto U. 



(a) A clockwise quasisimple loop. 


(b) A counterclockwise quasisimple loop. 


Fig. 1.2.1 : The orientations of quasisimple loops. 


A quasisimple loop is the (oriented) boundary of a simply connected domain. Note that a quasisimple loop can 
be obtained as the limit of a sequence of simple loops under L°° metric. A quasisimple loop may intersect itself, 
but it can not cross itself traversely. If L is a quasisimple loop, we denote by ext(L) the unbounded connected 
component of C \ L (there may be several bounded connected components of C \ L, but there is only one that is 
unbounded). We will say L is clockwise (resp. counterclockwise) if the boundary of ext(L) is clockwise (resp. 
counterclockwise). See Figure 1.2.1 Suppose that a quasisimple loop L disconnects the origin from 00 , and let 17° 


be the connected component of C \ L that contains the origin. Define 

inrad(L) = sup{r > 0 : rU C 17°}, outrad(L) = inf{/? > 0 : C\/?U C ext(L)}. 


We will use the convergence of quasisimple loops in Caratheodory topology which is defined in the following 
way. We say that a sequence of quasisimple loops (L„, n > 1) converges to a quasisimple loop L in Caratheodory 
topology seen from 00 if 0o(ext(L„)) converges to (/)o(ext(L)) in Caratheodory topology seen from the origin where 
^q{z) = 1/z (see BLawOSl Section 3.6] for Caratheodory topology). 
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We call a sequence of quasisimple loops (L«,m g M) in the plane a transient cadlag sequence of adjacent 
quasisimple loops disconnecting the origin from infinity if the sequence satisfies fhe following properties. 

(1) There exists a sequence of reals {uj,j G Z) such that 

Uj < Uj+\ for all j, Uj —)• —oo as j —)■ —oo, uj —)■ oo as j ^ 

and that, for all j, the loops have the same orientation for Uj < u < Uj+\ which is different from the 
orientation of . 

(2) For each u, the loop L„ disconnects the origin from oo. 

(3) For V < u, the loop Ly is contained in the closure of the connected component of C \ L„ that contains the 
origin. Moreover, the sequence is cMlag: for each u, under Caratheodory topology seen from oo, we have 

• the left limit limv^„ Ly exists, denoted by L„_; 

• the right limit limy^i,L„ exists and equals L„. 

And the two loops are adjacent: L„ nL„_ / 0. 

(4) The sequence is transient: 

outrad(L„) —)• 0 as —oo; inrad(L„) —)• oo as n —)> oo. 

Given a transient cMlag sequence of adjacent quasisimple loops {Lu,u G M), we use the term continuum level 
loop boundary conditions to describe the boundary values given by the following rule. Assume that the loop Lu 
has boundary value c to the left-side and 2A + c to the right-side, and assume that uj <u< uj^i for some j. Then, 
for V G [uj, u), the boundary value of L,, is 

{ c + 2X{u — v) on the left-side and 2X +c + 2X{u — v) on the right-side, if Ly is clockwise; 

c — 2X{u — v) on the left-side and 2X + c — 2X{u — v) on the right-side, if Ly is counterclockwise. 

See Figure [TL^ Note that, once we know the boundary value of a loop L„ in the sequence, we can tell the boundary 
values of all loops Ly, for v < u, by the continuum level loop boundary conditions. 

Suppose that D C C is a domain with harmonically non-trivial boundary. We call a sequence of quasisimple 
loops (L„,m G M) in D a transient cadlag sequence of adjacent quasisimple loops disconnecting z G D from dD if 
the sequence satisfies the following properties. 

(1) There exists a sequence of reals {uj,j < jo) such that 

Uj<Uj+i for all 7 <70 — 1 , Uj^—o° as 7 —°o, 

and that, for all 7 < 70 — F the loops L„ have the same orientation for uj <u < Uj+\ which is different from 
the orientation of L„^.^,. 

(2) For each u, the loop Lu disconnects z from dD. 

(3) For V < u, the loop L,, is contained in the closure of the connected component of D \ Lj, that contains z- 

Moreover, the sequence is cMlag under Caratheodory topology seen from 00 , and for each u, the loop L„ has 
nonempty intersection with its left limit. 

(4) The sequence is transient: the loop L„ converges to {z} in Hausdorff metric as u —)• — 00 . 
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(a) Assume uj <v < u < wy+i- If Ly is clockwise, it (b) Assume uj < v < u = Uy+i- If is clockwise, it 
has boundary value c + 2 A(m — v) to the left-side. has boundary value c + 2X{u — v) to the left-side. 




(c) Assume uj <v < u < uj+i. If Ly is counterclock- (d) Assume uj < v < u = wy+i. If Ly is counterclock¬ 
wise, it has boundary value 2A -|- c — 2A (« — v) to wise, it has boundary value 2A -|- c — 2A (« — v) to 

the right-side. the right-side. 

Fig. 1.2.2: Explanation of the continuum level loop boundary conditions. Assume that the boundary 
value of the loop is c to the left-side and is 2A -I- c to the right-side. 


The continuum level loop boundary conditions for a transient cadlag sequence of quasisimple loops in D can 
be defined similarly. 

The following two theorems explains that the continuum exploration process of GFF starting from an interior 
point is a cMlag sequence of quasisimple loops. 

Theorem 1.2.1. Fix a connected domain D gC with harmonically non-trivial boundary and a starting point z^D. 
Suppose that h is a GFF on D with some boundary values and that {Lu,u G M) is a transient cadlag sequence of 
adjacent quasisimple loops in D disconnecting zfrom dD. There exists a coupling between h and {Lu,u G M) 
such that the following domain Markov property is true. For any stopping time T, the conditional law of h given 
{Lu,u <T) is a GFF on D\Gu<tFu whose boundary value agrees with the boundary value ofh on dD and is given 
by the continuum level loop boundary conditions on {Lu,u < T). 

Suppose that h is a whole-plane GFF modulo a global additive constant in M and that {Lu,u G M) is a random 
transient cadlag sequence of adjacent quasisimple loops disconnecting the origin from infinity. There is a coupling 
between h and {Lu,u G M) such that the following domain Markov property is true. For any stopping time T, the 
conditional law ofh given {Lu,u < T) is a GFF (modulo a global additive constant in Mj on C\U„< 7 ’L„ whose 
boundary value is given by the continuum level loop boundary conditions on {Lu,u < T). 
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Theorem 1.2.2. In the coupling of a GFF h and a random sequence of quasisimple loops {Lu,u G M) as in Theorem 
the sequence {Lu,u G M) is almost surely determined by the field h viewed as a distribution modulo a global 


1 . 2.1 


additive constant in ’ 


In the coupling between a whole-plane GFF h and a random sequence of quasisimple loops {Lu,u G M) given 
by Theorem 1.2.1 we call the sequence {Lu,u G M) the alternating continuum exploration process of h starting 
from the origin targeted at oo; and we call {uj,j G Z) the sequence of transition times. 

The following two theorems explain the interaction behavior between two alternating continuum exploration 
processes. 


Theorem 1.2.3. Suppose that h is a whole-plane GFF modulo a global additive constant in M. Fix two starting 
points zi,Z 2 - For i = 1,2, let {L^,u G M) be the alternating continuum exploration process of h starting from Zi 
targeted at °°. Define 


T\ = infju : Lf disconnects zifrom oo}; T 2 = 'mf{u : Df disconnects zi from oo}. 

Then, almost surely, the loops and coincide; moreover, the two sequences of loops ,u>0) and 

m^+T 2 ^u > 0) coincide. 

Theorem 1.2.4. Suppose that h is a whole-plane GFF modulo a global additive constant in M. Fix three points 
Z,w\,W 2 - For i = 1,2, let {Lf^'^‘,u G M) be the alternating continuum exploration process of h starting from z 
targeted at wg and denote by Uf‘ the connected component of C\ that contains Wj. Then there exists a 
number T such that 

, for u<T- and Up nUp =&. 

Given ,u<T), the two sequences continue towards their target points respectively in a conditionally 

independent way. 


The following theorem explains that all the alternating continuum exploration processes of GFF give a tree- 
structure of the plane. 

Theorem 1.2.5. Suppose that h is a whole-plane GFF modulo a global additive constant in M. Suppose that 
{Zm,fn > 1) is any countable dense set and, for each m, let {L’f,u G M) be the alternating continuum exploration 
process ofh starting from Zm targeted at oo. Then the collection [{F!^,u G M),m > 1) almost surely determines the 
field h and its law does not depend on the choice of {zm,fn > 1)- Moreover, the collection {{Lf,u G M),m > 1) 
forms a tree structure in the sense that, almost surely, any two sequences of quasisimple loops merge eventually. 


Next, we will explain the “reversibility” of the alternating continuum exploration processes. Suppose that h 
is a whole-plane GFF modulo a global additive constant in M. Let {Lp^°°,u G M) be the alternating continuum 
exploration process of h starting from the origin targeted at oo where {uj,j G Z) is the sequence of transition times. 
For each transition time Uj, define the corresponding transition region by 




In other words, the region is the domain lying between the loops and See Figure 1.2.3fa). 


0 — 


r O^o 


We call G Z) the sequence of transition regions of h starting from the origin targeted at oo. For each 

transition time uj, define the corresponding stationary region by 




In other words, the region Ff^°° is the domain lying between D 


, 0 — 


and 


{Fj°°,j G Z) the sequence of stationary regions of h starting from the origin targeted at oo. 


See Figure 1.2.3'b). We call 
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r 0->oo 


J 0-KX3 



(a) The transition region is the domain lying be- (b) The transition region is the domain lying be¬ 
tween the loop and the loop tween the loop and the loop 

Fig. 1.2.3: Explanation of the sequence of transition regions and the sequence of stationary regions. 


Theorem 1.2.6. Suppose that h is a whole-plane GFF modulo a global additive constant in M. Let (dP ^“,7 G Z) 
(resp. gTj)) be the sequence of transition regions (resp. the sequence of stationary regions) ofh starting 

from the origin targeted at Let G Z) (resp. G'Z)) be the sequence of transition regions (resp. 

the sequence of stationary regions) ofh starting from oo targeted at the origin. Then, almost surely, the two unions 


coincide; moreover, the two unions 


coincide. 



and 

Ud- 



jez 

U 

and 

Uf; 

jez 


jez 


1.3 Relation to previous works and outline 


We prove Theorems|l.l.l|to|1.1.5|in Section]^ Following is the outline of Section]^ 


Section 2.1 is an introduction to whole-plane GFF. We briefly recall the definition and the properties of 
whole-plane GFF and refer to QMS 131 Section 2.2] for details and proofs. 


• In Section |2.2[ we first recall the construction and properties of boundary emanating level lines of GFF 
from IIWW16L then introduce the sequence of level loops starting from interior, and complete the proof of 
Theorem ll.l.ll 


In Section |2.3[ we explain the interaction behavior between two sequences of level loops starting from 
interior, and complete the proofs of Theorems |1.1.2 to 1.1.5 


We prove Theorems 1 1.2.1 to|1.2.6 in SectionFollowing is the outline of Section 
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In Section 3.1 we first briefly introduce a continuum exploration process for CLE 4 and refer to IIWW13II for 
details. Then we show that the continuum exploration process is cMlag which is an ingredient of the proof 
of Theorem ll.2.11 


• In Section |3.2[ we explain how to get the continuum exploration process of GFF from discrete exploration 
process of GFF. 

• In Section [ 33 ] we complete the proof of Theorem 

• In Section [T4l we explain the interaction behavior between two continuum exploration processes, and com¬ 
plete the proofs of Theorems |1.2.2| to |1.2.5| 

• In Section [T5| we complete the proof of Theorem|1.2.6| 


1.2.1 


Acknowledgements. The current project is motivated by IIMS13L and we appreciate Jason Miller and Scott 
Sheffield for helpful discussions on both IIMS13I and the current paper. We also thank Richard Kenyon, Samuel 
Watson, and Wendelin Werner for helpful discussions. H. Wu’s work is funded by NSF DMS-1406411. 


2 Sequence of level loops starting from interior 
2.1 The whole-plane GFF 

In this section, we will give an overview of whole-plane GFF, we refer the proofs related to the properties of 
whole-plane GFF to IIMS131 Section 2.2]. For the construction and the properties of ordinary GFF, one can consult 
iMSlhal Section 3] or IIWW161 Section 2.2]. 

For a domain D C C, we denote by Hs{D) the space of C“ functions with compact support in D and denote 
by Hsfl{D) the space of those <j) G Hs{D) with f (j)(z)dz = 0. We denote by (•,•) the inner product. Fet Ho(C) 
denote the Hilbert space closure of Hs^o{C) equipped with the Dirichlet inner product. Fet (aj) be a sequence of 
i.i.d. one-dimensional standard Gaussian (with mean zero and variance one). Fet (fj) be an orthonormal basis of 
Ho(C). The whole-plane GFF modulo a global additive constant in M is an equivalence class of distributions 
(where two distributions are equivalent when their difference is a constant in M), a representative of which is given 
hy h = J^ajfj. For each (/» the limit ^a,(/j,0) almost surely exists, thus we write 

n 

(/j,0) =lim£ay(/;-,(/)). 

We think of h as being defined up to an additive constant in M because 

{h + c,(j)) = {h,(j)) + {c,(j)) = {h,(j)), V0 GVcGM. 

We can fix the additive constant by setting {h, ^ 0 ) = 0 for some fixed ^0 G Hs{C) with / ^o{z)dz = 1. 

Fix M > 0 and (po G Hs{C) with / (j)o{z)dz = 1. The whole-plane GFF modulo a global additive constant in uZ 
is an equivalence class of distributions (where two distributions are equivalent when their difference is a constant 
in mZ). An instance can be generated by 

(1) sampling a whole-plane GFF h modulo a global additive constant in M, and then 

(2) choosing independently a uniform random variable U G [0,m) and fixing a global additive constant for h by 
requiring that (/j,0o) G {U + uZ). 

Suppose that /j is a zero-boundary GFF on a proper domain D C C with harmonically non-trivial boundary. 
We can consider h modulo a global additive constant in M by restricting h to functions in Hsfl{D). Fix 0o G Hs{D) 
with / <po{z)dz = 1. We can also consider h modulo a global additive constant in uZ by replacing h by h — c where 
c G mZ is chosen so that {h, ^o) — c G [0, n). 

The following proposition describes the domain Markov property of whole-plane GFF. 
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Proposition 2.1.1. Suppose that h is a whole-plane GFF modulo a global additive constant in M (resp. in uTj) 
and that W gC is open and bounded. The conditional law ofh\w given /z|c\w that of a zero-boundary GFF on 
W plus the harmonic extension of its boundary values from dW to W which is defined modulo a global additive 
constant in M (resp. in uZ). 

Proof. IIMS131 Proposition 2.81. □ 

The following proposition explains that infinite volume limits of ordinary GFF converge to the whole-plane 
GFF. 

Proposition 2.1.2. Suppose that (Dn) is any sequence of domains with harmonically non-trivial boundary contain¬ 
ing the origin such that dist(0, dDn) as n ^ oo_ For each n, let hn be an instance of GFF on D„ with boundary 
conditions which are uniformly bounded in n. Fix R>0, we have the following. 

(1) n —)• oo, the laws ofh^ restricted to B(0,R), viewed as a distribution modulo a global additive constant in 
M, converge in total variation to the law of whole-plane GFF restricted to B(0,R) modulo a global additive 
constant in M. 

(2) Fix (/>o G Hs{C) with f ^o(z)dz = 1 which is constant and positive on B{0,R). As n ^ the laws of hn 
restricted to B{0,R), viewed as a distribution modulo a global additive constant in uZ, converge in total 
variation to the law of whole-plane GFF restricted to B{0,R) modulo a global additive constant in uZ. 

Proof. IIMS13I Proposition 2.101. □ 

Proposition 2.1.3. Suppose that D C C with harmonically non-trivial boundary and h is a GFF on D with some 
boundary data. Fix W C D open and bounded with dist(VF, (9D) > 0. The law ofh\^/f modulo a global additive 
constant in M (resp. in uZ) is mutually absolutely continuous with respect to the law of whole-plane GFF restricted 
to W modulo a global additive constant in M (resp. in uZ). 

Proof. IIMS13I Proposition 2.111. □ 

The notion of local set, first introduced in IISS13II for ordinary GFF, serves to generalize the domain Markov 
property to random subsets. There is an analogous theory of local sets for the whole-plane GFF. 

Suppose that /j is a whole-plane GFF modulo a global additive constant in M (resp. in uZ) and suppose that 
A C C is a random closed subset which is coupled with h such that 5 (C \ A) has harmonically non-trivial boundary. 
We say that A is a local set of h if there exists a law on pairs [A,hi), where hi is a distribution with the property 
that hi |c\A is almost surely a harmonic function, such that a sample with the law (A,/i) can be produced by 

(1) choosing the pair [A,hi), 

(2) sampling an instance h 2 of zero-boundary GFF on C \ A and setting h = hi -\-h 2 , 

(3) considering the equivalence class of distribution modulo a global additive constant in M (resp. in uZ) repre¬ 
sented by h. 

The definition is equivalent if we consider hi as being defined modulo a global addifive consfanf in M (resp. in uZ). 
We wrife for the funcfion hi described above. We say fhaf is fhe condifional mean of h given A and /ij^. 

By fhis definilion. Theorem 1 1.1.1 1 implies fhaf, for any slopping time N, the sequence of loops (L„,n < M) is a 
local set for the whole-plane GFF modulo a global additive constant in rXZ. 

The following propositions are properties of local sets of whole-plane GFF. 

Proposition 2.1.4. Suppose that h is a whole-plane GFF modulo a global additive constant in M or in uZ. Suppose 
that Ai,A 2 are random closed subsets and that {h,Ai) and {h,A 2 ) are couplings for which Ai,A 2 are local. Let 
A = A 1 UA 2 denote the random closed subset which is given by first sampling h, then sampling Ai ,A 2 conditionally 
independent given h, and then taking the union o/Aj and A 2 . Then A is also local for h. 
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Proof. IIMS131 Proposition 2.141. □ 

Proposition 2.1.5. LetA[,A 2 be connected local sets of whole-plane GFF which are conditionally independent and 
A = A 1 UA 2 . Then almost surely a harmonic function in C \ A that tends to zero along all sequences of 

points in C \ A that tend to a limit in a connected component 0 /A 2 \ Ai (which consists of more than a single point) 
or that tend to a limit on a connected component of A\ nA 2 (which consists of more than a single point) at a point 
that is a positive distance from either A 2 \Ai or A\ \A 2 . 

Proof IIMS131 Proposition 2.151. □ 

Proposition 2.1.6. Suppose that A is a local set for a whole-plane GFF modulo a global additive constant in M 
(resp. in uZ). Fix IF C C open and bounded and assume that A C IF almost surely. Let D G C be a domain with 
harmonically non-trivial boundary such that W C D with dist(lF, dD) > 0 and let ho be a GFF on D. 

(1) There exists a law on random closed set Ao which is mutually absolutely continuous with respect to the law 
of A such that Ao is a local set for ho. 

(2) Let be the function which is harmonic in C \ A and which has the same boundary behavior as '^Ad on 
Ao. Then the law of^^^, modulo a global additive constant in M (resp. in uZ), and the law of^A ore 
mutually absolutely continuous. 

(3) If A is almost surely determined by h, then Ao is almost surely determined by ho. 

Proof. IMS 131 Proposition 2.161. □ 


2.2 Alternating height-varying sequence of level loops 


In IWW16I Sections 2, 3.3, 3.4], we studied the level line of GFF starting from a boundary point targeted at a 
boundary point or an interior point. We briefly recall some basic properties. 

Suppose that /j is a GFF on U whose boundary value is piecewise constant and changes only finitely many 
times. Fix a starting point x G and a target point z G U. The level line of h starting from x targeted at z is a 
random curve 7 coupled with h such that the following is true. Suppose that f is any 7 — stopping time. Then, given 
7[0,f], the conditional law of h restricted to U\ 7[0,f] is the same as GFFs in each connected component whose 
boundary value is consistent with h on 5U and is A to the right of 7 and is —A to the left of 7 . In this coupling, 
the curve 7 is almost surely determined by h and is almost surely continuous up to and including the continuation 
threshold. Generally, for n G M, the level line of h with height u is the level line oIh-\-u. 

In particular, suppose that /j is a zero-boundary GFF on U, let 7„ be the level line of h starting from x G 5U 
targeted at z G U with height u G (—A, A). We parameterize the curve by minus the log of the conformal radius of 
U \ 7„ [0, t] seen from z: 

CR(U\7„[0,^];z)=e^^ t>0. 

Then the law of 7 „ is the same as radial SLE 4 (p^;p^) process starting with Wq =x with two force points next to 
the starting point and the corresponding weights are given by IWW161 Proposition 3.3.1] 

p^ = —m/A —1, p^ = m/A —1. 


Suppose that (Vf^,Wt,V/^) t>o is the corresponding radial Loewner evolution. The continuation threshold of 7 „ is hit 
at the following time 

T = inf{f >0:Vf^ = W, = V,^}, 

which is almost surely finite. Let [/t be the connected component of U\ 7u[0,t] that contains z, and let L„ be the 
oriented boundary of U^. We know that is independent of the choice of x. We call L„ the level loop of h with 
height u starting from 5U targeted at z. The loop L„ is almost surely determined by h and 


P[L„ is clockwise] 


A 4“ u 


P[L„ is counterclockwise] 


A — M 
2 A 


We recall several results from IWW161 that we will use later in the current paper. 
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Lemma 2.2.1. Suppose that h is a GFF on U with piecewise constant boundary data which changes a finite number 
of times. Let Ju be the level line ofh with height m G M starting from x G targeted aty€ 5U. 

(1) Suppose that h has boundary value cr to the right ofx and cr to the left ofx. To have non-trivial Yu (Yu 
has strictly positive length), we must have 

cl + u<X, and cr + u>—X. 

(2) Suppose that h has boundary value cr to the right of y and cr to the left ofy. Then the probability of Yu to 
reach y is zero if one of the following two conditions holds. 

• cr + u> X and cr + u> X; 

• cr + u< —X and cr + u < —X. 

(3) Suppose that h has boundary value c on some open interval I which does neither contain x nor y. If Yu hits I 
with strictly positive probability, then c + u € {—X,X). 

Proof IIWW16I Remark 2.5.151. □ 

Lemma 2.2.2. Suppose that h is a GFF on El whose boundary value is piecewise constant, changes only finitely 
many times. For each m G M and x G 5EI, let Y^ be the level line ofh with height u starting from x targeted at infinity. 
Fix X 2 <xi. 

(1) Ifu 2 > u\, then Yf^ almost surely stays to the left ofY^). 

(2) If U 2 = u\, then Y^^ may intersect and, upon intersecting, the two curves merge and never separate. 

Proof. IIWW161 Theorem 1.1.41. □ 

Lemma 2.2.3. Suppose that h is a zero-boundary GFF on U. Fix a height u G {—X,X) and a target point z G U. 
Let Lu be the level loop ofh starting from the boundary targeted at z. Then we have the following. 

(1) Lu is oriented either clockwise or counterclockwise and is homeomorphic to the unit disc. 

(2) n 7 ^ 0. 

(3) Given Lu, the conditional law ofh restricted to each connected component o/U\L„ is the same as GFF ’5 
whose boundary value is zero on 5U, is X — u to the right ofLu, and is —X — u to the left ofLu. 

Moreover, the loop Lu is almost surely determined by h; and any oriented loop in U that satisfies the above three 
properties almost surely coincides with Lu. 

Proof. IIWW161 Lemmas 3.3.5 and 3.3.6]. □ 

Suppose that /j is a zero-boundary GFF on U. Fix r G (0,1) and a target point z G U. We will introduce the 
upward height-varying sequence of level loops. Set 

Uk = —X -\- krX , for k > 1. 

Let L\ be the level loop of h with height u\. Then, given L\, the conditional mean m\ of h restricted to int(Li) is 

{ 2X — rX, if Li is clockwise; 

—rX, if Li is counterclockwise. 

Moreover, 

¥\m\ = 2X — rX] = r/2, P[mi = —rX] = 1 — r/2. 
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If Li is clockwise, we stop and set = 1; if not, we continue. Generally, given {L\,...,Lk) and is counterclock¬ 
wise, let Lk+i be the level loop of h restricted to int(L^) with height Uk+i- If is clockwise, we stop and set 
= k-|- 1; if not, we continue. At each step, we have chance r/2 to stop; thus we will stop at some finite time 
N which we call transition step. We call the sequence (Li,...,La?) upward height-varying sequence of level 
loops with height difference rX starting from Lq = targeted at z. We summarize some basic properties of this 
sequence in the following. 

(a) The transition step N satisfies fhe geomefric disfribufion 

P[A>«] = (l-r/2)”, Vn>0. 

(b) For I <k <N, fhe loop is counferclockwise; fhe loop is clockwise. 

(c) For 1 < k < A, lef mk be fhe conditional mean of h resfricfed fo int{Lk) given {Li,...,Lk),'we have 

nik =—krX, for 1 < k < N', m[^ = 2X—NrX. 

Symmefrically, we could define downward height-varying sequence of level loops of h. For the down¬ 
ward height-varying sequence {L\,...,Ln), the transition step N satisfies the geometric distribution. The loops 
Li, are clockwise and the loop is counterclockwise. Let nij^ be the conditional mean of h restricted to 

int(L<;) given (Li, ...,Ljt), we have 

nik = krX , for 1 < k < A; mj^ = NrX — 2X. 

Next, we will introduce alternating height-varying sequence of level loops. Suppose that A is a zero-boundary 
GFF on U. Fix r G (0,1) and a target point z G U. Assume that Lq = is oriented counterclockwise. We start 
by the upward height-varying sequence of level loops of h. Let Ai be the transition step and denote sequence by 
(Li,...,La?j). Let /watj be the conditional mean of A restricted to int(LA?J given (Li, ...jLat,), then 

= 2X —N\rX. 

We continue the sequence by the downward height-varying sequence of level loops of A restricted to int(LA?|). Let 
Az be the its transition step and denote the sequence by (La^j+i, Let /nA?i+Af 2 be the conditional mean of 

A restricted to int(LA?(+v 2 ) given (Li,L2, ...,La?|+V 2 )’ 

niNi+N 2 = {^2 —Ni)rX. 

Set Ml =Ai-f A 2 . 

Generally, given (Li,L 2 , for some k > 1, we have 

2k 

= ^(-l)-'A,'rA. 

1=1 

We continue the sequence by the upward height-varying sequence {LM^+i,---,LMi,+N 2 k+i) where N 2 k+\ is its transi¬ 
tion step. We then continue the sequence by the downward height-varying sequence {LM^+N 2 k+i+i ^ ■■■^^Mk+N 2 k+i+N 2 k+ 2 ) 
where N 2 k +2 is its transition step. Set 

A4+1 = A4 + Azjt+i +N2k+2, 

and let be the conditional mean of A restricted to int(LMt^j) given (Li, ), we have 

2k+2 

f^Mk+i = Y. 

1=1 

In this way, we obtain an infinite sequence (L„,n > 0) which we call alternating height-varying sequence of 
level loops of A with height difference rX starting from Lq = (counterclockwise) targeted at z. 

If we orient Lq = 511 clockwise, we can define alternating height-varying sequence similarly, the only difference 
is that we start by downward height-varying sequence. 
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Proposition 2.2.4. The alternating height-varying sequence of level loops of GFF is almost surely determined by 
the field. 


Note that, in the alternating height-varying sequence of level loops with height difference rX, each loop has the 
height of the form 


—X-\- nrX , for some n G Z. 


The relation between the heights of two neighbor loops is explained in Figure [m] 



(a) If Ln+\ is counterclockwise, it has boundary value (b) If L„+i is clockwise, it has boundary value 2A +c — 
c — rX to the left-side. rX to the right-side. 




(c) If is clockwise, it has boundary value 2X -|-c-|- (d) If L„+i is counterclockwise, it has boundary value 

rX to the right-side. c-\-rX to the left-side. 

Fig. 2.2.1 : Explanation of the relation between the heights of two neighbor loops. Assume that the 
boundary value of the loop L„ is c to the left-side and is 2A -I- c to the right-side. Note that, 
if the height of the loop L„ is of the form —X -\- nrX for some n G Z, the height of the loop 
Ln+i is —X -f (n± l)rX. 

From the construction, we know that the alternating height-varying sequence (L„ ,n>0) satisfies the following 
domain Markov property. 

Proposition 2.2.5. Suppose that {Ln,n > 0) is an alternating height-varying sequence of level loops. For any 
stopping time N, given {Ln , n < N), let gs/ be the conformal map from int(Ljv) onto U such that gf>/ (z) =Z, g'j^ (z) > 0, 
then the conditional law of the sequence {gi^{Li^+n)F 0) is the same as alternating height-varying sequence of 
level loops. 

Proposition 2.2.6. The alternating height-varying sequence of level loops {L„,n > 0) starting from Lq = 5U tar¬ 
geted at z G U is transient: the loop L„ converges to {z} in Hausdorff metric as n^ oo. 

Proof. We may assume that the target point is the origin and that Lq is counterclockwise. Suppose that the height 
difference is rX for r e( 0 ,i). 
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First, we show that there exist constants no, rj G (0,1), and G (0,1) such that 


P[L„q C T]U] > p. 

Set no = [2/r]. Let be the first transition step of the sequence (L„,n > 0). On the event {A^i > no}, the level 
loop is of height —A +norX > X, thus L„q n^U = 0 (by Lemma [2.2.1 1 . Therefore, 

¥[Ln, n = 0] > F[Ni >no] = {l- . 

Thus, there exists T] G (0,1) such that 


lP[T„oCT]U]>(l-r/ 2 r/ 2 . 

Next, we show the transience. For k>0, let be the conformal map from int(L^„Q) onto U such that (/>^(0) = 
> 0. From the domain Markov property of the sequence (L„,n > 0), we know that > 0) is 

an i.i.d. sequence. By the first step, we have 

£P[(/»^(L(^+ 1 )„J CT]U] =oo. 
k 

By Borel-Cantelli Lemma, almost surely, there exists a sequence kj —)• oo such that 

\j>kj{L(kj+\)na) C T]U} holds for all j > 0 . 

In particular, 

C T]u| holds for all j > 0 . 

Denote Lk-no by Ij. We only need to show that the sequence {lj,j > 1) is transient. We will show Ij C rjW by 
induction on j. 

For j = 1, on the one hand, we have ^koih) C T]1U; on the other hand, since \^ko{z)\ > |z| for all z, we have 
0 ^^(t]ILJ) C T]U. Combining these two facts, we have that Zi C (/)^/(t]U) C T]U. 

Assume that the claim holds for j, let us consider Zy+i. We know that ^kj{lj+i) C qU, it is then sufficient to 
argue that {rjU) C T 7 Z+^U. Note that (pkj is the conformal map from int(Zy) onto U with (pkji^) = O)0(.(O) > 0- 
Let <Pi(z) = z/TjX Since Ij C t]^U, the set (pi (int(Zy)) is still contained in U. Let (p 2 be the conformal map 
from (jpi(int(Zy)) onto U with <P 2 ( 0 ) = 0 )<P 2 (b) > 0. Then ^kj = <?ho<Pi- Since \(p 2 {z)\ > |z| for all z, we have 
<P 2 ^'(t]U) C T 7 U. Thus 

This completes the proof. □ 

The following proposition describes the target-independence of the sequence of level loops. 

Proposition 2.2.7. Fix r G (0,1). Suppose that h is a zero-boundary GFF on U. Fix two points >vi,>V 2 G U. For 
i = 1,2, let ,n >0) be the alternating height-varying sequence of level loops of h with height difference rX 
starting from 5U targeted at w,-; and denote by Uf' the connected component of\]\L'f' that contains Wi. Then 
there exists a number M such that 

forn<M-l-, Uf^nUf^=(d, forn=M. 

Given {Lf', , n < M), the two sequences continue towards their target points respectively in a conditionally 

independent way. 


Proof IIWW161 Section 3.5]. 


□ 
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Suppose that (L„, u > 0) is an alternating height-varying sequence of level loops starting from Lq = targeted 
at z G U. We want to change the index of the loops so that they are indexed by minus the log of the conformal 
radius seen from z. Namely, we construct the sequence (L,,f > 0) so that 

Lt =Ln, if -logCR(int(L„);z) <t < -logCR(int(L„+i);z). 


We call the obtained sequence (L, ,t> 0) alternating height-varying sequence of level loops indexed hy minus 
the log conformal radius seen from z- 

Next, we will introduce a whole-plane version of alternating height-varying sequence of level loops. Before 
this, we briefly recall the conformal radius seen from infinity. When D C C is a simply connected compact set, its 
complement C \ D is a simply connected domain in the Riemann sphere that contains oo. Let 0 :C\U—)-C\Dbe 
the unique bijective conformal map with ^{°°) =°° and the expansion at oo of the following form 

^{z) = ciz + co + c-iz^^-\ -, ci>0. 

We call Cl the derivative of (j) at oo, denoted by call 1/ci the conformal radius of C \D seen from oo, denoted 

by CR(C\D;oo). Note that, for e > 0, 

CR(C\(£U);oo) =CrQu;0^ = 

For each £ > 0, let be a GFF on Cg = C \ (£U) with zero-boundary value. The boundary 5(£U) is oriented 
either clockwise or counterclockwise. We can uniquely generate the alternating height-varying sequence of level 
loops of he starting from 5(£U) targeted at oo; (Lf > log£), where the loops are indexed by minus log conformal 
radius seen from oo. Namely, 

— logCR(ext(Lf);oo) = L forf>log£. 

For each t > log£, let gf be the conformal map from ext(Lf) onto C \ U with gf (oo) = oo, (gf )'(oo) > 0. The 
following lemma explains that the family (gf > log£) is convergent. 

Lemma 2.2.8. The family of conformal maps {gf,t > log£) converges weakly to some limit {gt,t G M) with respect 
to the topology of local uniform convergence. Namely, for every 5 > 0 and every compact interval [a,b\, the map 
gf converges weakly to gt uniformly on [a,b] x {w G C : dist(w,int(Li,)) > 6} where Lf is the loop such that gt is 
the conformal map from ext(Lf) onto C \U with gt{°°) = °°,g't{°°) > 0- 


Proof We will show that there exist universal finite constants C,c > 0 such that the following is true. For any 
5i > 52 > 0 small, there exists a coupling between (Lf ‘, t > log 5i) and (Ly^, t > log 52 ) such that 


P 



T>0)/(Lf^ 


t >0) 


<C8 


C 

1 • 


This will imply the conclusion. 

For any £ > 0 small, consider the sequence (Lf > log£). By the first step in the proof of Proposition [2.2.6[ 
we know that there exist universal constants Lq,?] > 0 so that the probability of the event {dist(Lf 

8 8 ^ 

bounded uniformly from below. Therefore, given {Lf ,Lp] 


> Tj] is 


of the event {L^fj-^ = L^j ^} is bounded uniformly from below. 


8 8 ^ 

we can couple Lffy^ and Lff so that the probability 


By the domain Markov property in Proposition |2.2.5 and the scaling invariance, there exists a coupling between 

<caf, 


Lq and Lq^ so that 


where C is some finite universal constant. On the event {Lf* = Lq }, we couple the processes to be identical for 
? > 0. This completes the proof. □ 
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Suppose that {gt,t G M) is the limit family of conformal maps in Lemma 2.2.8 and that (L,,f G M) is the 
corresponding sequence of loops, i.e. gt is the conformal map from ext(L,) onto C \U with gt{°°) = g'tH >0. 
Note that the loops in the sequence (Lf,t G M) are indexed by minus the log of conformal radius seen from oo; 

— logCR(ext(L,);oo) = for all t G M. 

We also say that the alternating height-varying sequence of level loops {Lf,t > logs) converges weakly to (L,,t G 
M) with respect to the topology of local uniform convergence. Clearly, the sequence {Lt,t G M) is a transient 
sequence of adjacent simple loops disconnecting the origin from infinity by Proposition 2.2.6| We now are ready 
to complete the proof of Theorem |l.l.l[ 

Proof of Theorem \l.l.l\ First, we construct a coupling between whole-plane GFF and a transient sequence of 
adjacent simple loops. For each e > 0, let be a GFF on Cg = C \ eU with zero-boundary value. Let (Lf, t > log e) 
be the alternating height-varying sequence of level loops of starting from ^(gU) targeted at oo indexed by minus 
the log conformal radius seen from oo. Let {gf,t > logg) be the corresponding sequence of conformal maps: gf 
is the conformal map from ext(Lf) onto C \ U with gf (oo) = oo, (gf )'(oo) > 0. On the one hand, from Lemma 
2.2.8 we know that the sequence {Lf,t > loge) converges weakly to (Lf,t G M) and the sequence (gf,t > loge) 
converges weakly to {gt,t G M) with respect to the topology of local uniform convergence. On the other hand, the 
GFFs he, viewed as distributions defined modulo a global addifive consfanf in rAZ, converge fo a whole-plane GFF, 
modulo a global additive consfanf in rAZ, as £ —)• 0 by Proposition 2.1.2 This gives a coupling {h, {Ltf G M)) of a 
whole-plane GFF h and a fransienf sequence of adjacenf simple loops disconnecfing fhe origin from oo. 

Second, we show fhaf fhe coupling (/j, (L,,t G M)) safisfies fhe desired domain Markov properly. For each £ > 0 
and T > log£, given (Lf < T), fhe conditional law of/ig reslricfed fo exl(Lj) is fhe same as a GFF wilh boundary 
value 

{ 0 , if Lj is clockwise, 

2 A, if Lj is counlerclockwise, 

modulo a global addifive consfanf in rAZ; and fhe condifional law of he reslricfed fo olher connected componenls 
of Cg \ Ut<TLf is fhe same as GFFs wifh boundary value given by level loop boundary condilions wilh heighf 
difference rA. The convergence of (/ig,(Lf,f > log£)) fo {h,{Ltf G M)) implies fhaf, given {Ltf < T), fhe con- 
dilional law of h reslricfed fo C \ Ut<TLt is fhe same as GFFs wilh boundary values given by level loop boundary 
conditions wilh heighf difference rA. This implies fhaf fhe coupling {h,{Ltf G M)) satisfies fhe desired domain 
Markov properly al delerminisfic limes T G M. 

For general slopping time T, suppose fhaf T G M is delerminisfic and T >T. The condifional law of h given 
(L,,f < r) is fhe same as GFF in exl(L 7 -). Lef (L,,t > T) be fhe alternating heighf-varying sequence of level loops 
of h reslricfed fo exl(L 7 ’) sfarfing from Lj largeled al oo. 

we know fhaf fhe sequence {Ltf > T) coincides wilh fhe sequence {Ltf > T) almosl 


(a) By Proposifion 
surely. 


2.2.4 


(b) By Proposifion 2.2.5 we know fhaf fhe sequence {Ltf > T) safisfies fhe desired domain Markov properly 
for any slopping lime. 

Combining Ihese Iwo facls, fhe coupling {h,{Ltf G M)) satisfies fhe desired domain Markov properly for fhe 
slopping time z >T. Since T is arbifrary, fhe domain Markov properly holds for any slopping lime T. 

Finally, we prove fhe conclusion for general domain D. Since fhe law of h (modulo a global addifive consfanf 
in rAZ) in a small neighborhood of fhe origin changes in an absolufely confinuous way when we replace C wifh D. 
We can couple fhe sequence of loops wilh fhe field as if fhe domain were C up unlil fhe firsl lime fhaf fhe sequence 
of fhe loops exils fhe small neighborhood. Then fhe usual boundary emanaling level lines allow us fo extend fhe 
sequence of level loops uniquely by Proposifion |2.L6| □ 

In fhe coupling {h, {L„,n G Z)) as in Theorem |LLl[ we call fhe sequence (L„,n G Z) fhe alternating height- 
varying sequence of level loops starting from the origin targeted at infinity (resp. starting from z targeted at 
dD) of h with height difference rA when D = C (resp. when D C C). 
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2.3 Interaction 

In this section, we will discuss the interaction behavoirs. 

• The interaction between sequence of level loops starting from interior point and boundary emanating level 
lines: Proposition [23T] 

• The interaction between two sequences of level loops starting from distinct points but targeted at a common 


point: Proposition 2.3.2 and Theorem 1.1.3 


The interaction between two sequences of level loops starting from a common point but targeted at distinct 


points: Theorem 1.1.4 




(a) The loop is clockwise and the level line 7„ is (b) The loop is clockwise and the level line 7„ is 
targeted at a boundary point. targeted at an interior point. 




(c) The loop is counterclockwise and the level line (d) The loop is counterclockwise and the level line 

7 „ is targeted at a boundary point. 7 , is targeted at an interior point. 

Fig. 2.3.1 : The interaction between a sequence of level loops starting from interior and a boundary 
emanating level line. 

Proposition 2.3.1. Fix r £ (0,1) and a domain D gC with harmonically non-trivial boundary. Fix three points 
z£ D,x £ dD and y £ D. Let h be a GFF on D, let {L^,n £ Z) be the alternating height-varying sequence of level 
loops of h with height difference rX starting from z targeted at dD, and let 7 )^^ be the level line of h with height 
M G M starting from x targeted at y. For any {L\,n £ 'L)-stopping time N, assume that the loop Lfj does not hit dD 
and Lfi has boundary value c to the leftside and 2X -\-c to the right-side. On the event { 7 )^' hits Lft}, we have 
that 

{ IX +C + M G (—A, A), ifLfi is counterclockwise, 
c-\-u £ (—A, A), if clockwise. 
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Moreover, the level line stays outside ofL^j. See Figure 2.3.1 


Proof. We may assume that is clockwise, and the case that is counterclockwise can be proved similarly. 


First, we show that c + u G (—A, A). Given < N), denote by h the field of h restricted to Dnext(L^). We 


know that the conditional law of h is the same a s GFF with boundary value c on Moreover, the curve 
also the level line of h with height u. By Lemma 2.2.1 Item (3), we have that c + m G (—A, A). 




IS 


Next, we show that stays outside of L^. We prove by contradiction. Assume that has non-trivial 
pieces in int(L^). Given {L\,n <N), the conditional law of h, restricted to the connected components of D\U„<AfL^ 
that are in int(L^), is the same as GFF whose boundary values are 2A + c along L^. For these GFFs, to have non¬ 
trivial level lines with height u starting from L^, we must have 2A + c + « G (—A, A) which contradicts with the 
fact that c + M G (—A,A). □ 




(a) The loop Lfi is clockwise and the loop is coun- (b) The loop is clockwise and the loop is clock- 
terclockwise. wise. 

Fig. 2.3.2 : The interaction between two sequences of level loops starting from distinct interior points. 


Proposition 2.3.2. Fix r G (0,1). Let h be a whole-plane GFF modulo a global additive constant in rAZ. Fix two 
starting points z,w. Let {L\,n G Z) (resp. {Lf,n £l,)) be the alternating height-varying sequence of level loops of 
h with height difference rX starting from z (resp. starting from w) targeted at oo_ Let N be any {Lf^,n G Z)-stopping 
time such that L^ does not disconnect w from oo_ Assume that Lfj has boundary value c to the leftside and 2A + c 
to the right-side. Let M be any stopping time with respect to the filtration 

= a{Ll,k<N-,L'f,m<n). 

Suppose that Lfj hits L^ and has height u. Then 

{ 2A +C + M G (—A, A), ifLfi is counterclockwise, 
c + M G (—A, A), if clockwise. 


Moreover, the loop Lfj stays outside ofLfj. See Figure 2.3.2 


Proof. We may assume that is clockwise, and the case that is counterclockwise can be proved similarly. 

First, we show that c + m G (—A, A). Given {L\,n < N), denote by h the field of h restricted to ext(L^). We 
have the following observations. 

(a) Given {Lf^,n < N), the conditional law of h is the same as GFF on ext(L^) with boundary value c. 
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Next, we show that LJ^ stays outside of L^. This ean be proved similarly as in the proof of Proposition 2.3.1 


□ 


Proposition 2.3.3. Fix r G (0,1). Let h be a whole-plane GFF modulo a global additive constant in rXTL. Fix two 
starting points z,w. Let {L^,n G Z) (resp. {L'^,n £Z)) be the alternating height-varying sequence of level loops of 
h with height difference rX starting from z (resp. starting from w) targeted at oo. Define the stopping times 


N = min{n : disconnects wfrom oo}; M = min{?i: Lf disconnects zfrom oo}. 
Then, almost surely, the loop L^ coincides with Lfj. 

The proof of Proposition|2.3.3|needs the following lemma. 


Lemma 2.3.4. Assume the same notations as in Proposition 2.3.3 Let U'^ be the connected component ofC\ 
U„<ivL^ that contains w. Let M be any stopping time with respect to the following filtration 

= o(L\,k < N-,Lf^,m < n). 

On the event 

L]^nL^ = 0}, 

we have almost surely that the loop is contained in the closure o/int(L^). 


y y 




(a) The boundary dU'^ has two special points x and y 
such that the clockwise part of dU'^ from .r to y is 
part of and the counterclockwise part of dU'^ 
from .r to y is part of Lfj. 


(b) Consider the field of h restricted to [/“'n ext(L]^). 
Since its boundary value along is c + 

rX and c + rA + n G (—X,X). The level lines with 
height u can be continued towards both x and y. 


Fig. 2.3.3: Explanation of the behavior of the level lines in Lemma 


2.3.4 


Proof. We may assume that Lfj is clockwise, and the case that is counterclockwise can be proved similarly. We 
have the following observations. 

(a) Given {L3„,n < N), the conditional law of h restricted to ext(L^) is the same as GFF with boundary value c 
which is some multiple of rX. 

(b) Note that dU'^ has two special points x and y so that the clockwise part of dU'^ from x to y is part of 

and the counterclockwise part of dU'^ from x to y is part of L^. See Figure [23(^ a). Given < N), the 
conditional law of h restricted to is the same as GFF with boundary value 2A +c on dU'^ FLfi and 

{ c-\-rX on. dU'" PI j , if j is clockwise, 

2 A +c —rA on ifL^_j is counterclockwise. 
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(c) Given (L^ ,n<N), the sequence (LJJ', n G Z) is coupled with h restricted to in the same way as in Theorem 
l.l.l| for D = up to the first time that the loop exits U'^. 

(d) Given ,k < M) and on the event {V^ C = 0}, the conditional law of h restricted 

to 17’^ next(L]J^) is the same as GFF with certain boundary data which is 2A +c on dU'^ 


Assume that the loop L'^^i has height u and we will prove the conclusion by contradiction. Assume that L 


‘M+l 


enters ext(L^). Then the pieces of that are contained in ext(L^) are level lines of h restricted to ext(L^) with 


height u, thus c + u£ (—A, A) by Lemma 2.2.1 Item (1). Since c is a multiple of rA and A + m is also a multiple of 
rA, we have that c + m G [—A +rA,A). 

First, we show that the loop can only exit through x or y. Combining 2A + c + n > A with Lemma 

r W 


2.2.1 Item (3), we have that the loop j can not hit the interior of dU'^nLl^ from inside. We only need to explain 


that can not exit U'^ through the interior points of 517 


w r^TZ 


Assume that the loop does exit U'^ through an interior point of 517 


and assume that the boundary 


value of the field along dU" 


nL^_ 


is vi to the inside of U'^ and is V 2 to the outside of U" 


(a) Since the loop hits interior points of we have vi + « G (—A, A) by Lemma 2.2.1 Item (3). 


(b) Since the pieces of outside of 517"' nare level lines with height u, we have V 2 + « G (—A, A) by 


Lemma 2.2.1 Item (1). 


Combining these two facts with |vi — V 2 I = 2A, we get a contradiction. 

Since ,, is a loop, if it exits 17"', it has to come back to 17"'. With a similar analysis as above, we know that 


^M+l 

F^^i can only come back to U'^ through x or y. Therefore, if L 
and come back to 17"' through the other one. 


exits 17"', 


it has to exit U'^ through one of {x,y} 


Second, we show that ^ has to be clockwise. If the loop 


of h restricted to 17"' is 2A + c — rA on 517"' n 


j is counterclockwise, then the boundary value 
j. Since 2A+c + m>2A+c + m — rA >A, the level lines of h, 
restricted to [/"', with height u can not hit y by Lemma 2.2.1 Item (2), and the field of h, restricted to 17"', can not 
have non-trivial level line with height u starting from y. This contracts that exits 17" 
through y. 


or comes back to 17" 


Finally, we show that there exists a level loop of h restricted to 17"' next(L]^) with height u that is contained in 
. Denote by h 
c + rX along 517 


17". Denote by h the field of h restricted to 17" n ext(L]J^). Since AT j is clockwise, the field h has boundary value 


nL^_j. Since the loop L" 


'M+l 


•M>- 

has height u and exits 17" at x or y, we have c + rA + n < A by 


Lemma 2.2.1 Item (2). Therefore, we have c + rA + « G (—A, A). 

Consider the level lines of h with height u starting from some points on L]^. Since c + rA + « G (—A, A), these 
level lines can be continued towards both x and y after they hit 5l7"nL^_j by IIWW16I Lemma 2.3.1]. This implies 
that there exists a complete level loop of h with height u contained in the closure of 17" next(L]^) and touching 
We denote it by Lu. See Figure |23^b). 

Now, we have the following observations. 

(a) The loop L„ is a level loop of h restricted to ext{L^) with height u starting from targeted at 00 . 

(b) The loop is a level loop of h restricted to ext(L]{^) with height u starting from targeted at 00 . 


Combining these two facts with Lemma 2.2.3 we get a contradiction. 


□ 


Proof of Proposition 2.3.3 We may assume that is clockwise and it has the boundary value c to the left-side 


where c is a multiple of rA. 
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First, we show that coincides with for some n G Z. Let be the first loop in {L^,n G Z) that hits the 


inside of L^. By Lemma 2.3.4 we know that is contained in the closure of int(L^). Suppose that the loop L] 


has height u. Since hits the inside of L^, we have 2A + c + m G (—A, A) by Lemma 2.2.1 Item (3). Note that c is 


a multiple of rA and A + n is also a multiple of rA, thus A + c + n = —mrX for some integer m > 1. In particular, 
the loop has height —A —c = u + mrX. 


If is clockwise, then has to coincides with LF 


k-\-m 


to ext(L^), with height u + mrX starting from targeted at oo (Lemma 2.2.31. 
If is counterclockwise, we have the following observations. 


, since both of and are level loops of h, restricted 


(a) The loop is a level loop of h restricted to ext(L^) with height u + mrA starting from targeted at oo. 


(b) The sequence > 0) is the alternating height-varying sequence of h restricted to ext(L^) with height 

difference rA starting from targeted at oo. Thus the sequence starts by downward height-varying sequence, 
changes the orientation after some finite step, and continues with upward height-varying sequence etc. 


Combining these two facts, we know that coincides with L'^^ 2 n+m some integer n > 0. 

Next, we show that coincides with L^. By the first step, we know that coincides with LJJJ for some m G Z. 
Since disconnects z from oo, we have M <m. Symmetrically, the loop coincides with for some n>N. 
Combining these two facts, we have that coincides with L^. □ 


Proof of Theorem 1.1.3 Suppose that, for i = 1,2, the sequence {Lf ,t G M) is the alternating height-varying se¬ 


quence of level loops of h with height difference rA starting from Zi targeted at oo indexed by minus the log of the 
conformal radius seen from oo, and define 


T\ = inf{f : Lf disconnecfs Z 2 from oo}; T 2 = inf{f : Lf disconnecfs zi from oo}. 


By Proposition |2. 3.3 [ there exists some finite f G M such that Lf = Lf\ we define T fo be fhe inf of such fimes. We 
have fhe following observafions. 


(a) For any t < Ti, we have zi 0 inf(Lf'); whereas, zi G inl(Ly), fhus t < T.Therefore T\ < T. 

(b) By Proposition! 


2.3.3 


we have Ff = fhus T <Ti. 


Combining these two facts, we have that T = T\ almost surely. By symmetry, we have T = Ti =T 2 almost surely. 
We have the following observations. 

(a) The sequence (Lf ,t> Ti) is the alternating height-varying sequence of level loops of h restricted to ext(Ly'). 

(b) The sequence {Lf f FT 2 ) is the alternating height-varying sequence of level loops of h restricted to ext(Ly}). 

(c) The loops and coincide. 

Combining these three facts and Proposition |2.2.4[ we have that 

Lf‘=Lf, yt>Ti = T2. 


This completes the proof. 


□ 


Proof of Theorem 1.1.2 We only need to show the conclusion for D = C, and the proof for D C C follows from 


absolute continuity. 

Suppose that his a whole-plane GFF modulo a global additive constant in rAZ. Suppose that {Lj ,t G M) and 
{Lf,t G M) are two alternating height-varying sequences of level loops of h starting from the origin targeted at 00 
indexed by minus the log of the conformal radius seen from 00 , and they are coupled with h so that, given h, they 
are conditionally independent. 
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Pick any z G C and let (Lf G M) be the alternating height-varying sequence of level loops of h starting from z 
targeted at oo. By Theorem [TTT3 for i= 1 , 2 , there exists a finite number 7] such that 


Li=Ll yt>Ti. 


Therefore, there exists a finite number T such that 


lI=l^, yt>T. 


Let R be the inf of such times. The scaling invariance of the coupling {h, {L] G M), (L^,f G 
law of is scaling invariant. Thus = 0 almost surely. Therefore, almost surely, 

Vf GM. 


1 


implies that the 


□ 


Proof of Theorem 1.1.4 Consider G Z), let Nq be any stopping time such that both wi and W 2 are con¬ 
tained in ext(L^^'). Given < Nq), denote by h the field of h resfricfed fo exl(L^“''). For i = 1,2, lef 

0 ) be fhe alfernafing heighf-varying sequence of level loops of h wifh heighf difference rX sfarfing from 
fargefed af w,-; and denofe by Uf‘ fhe connecfed componenf of C \ thaf confains w,-. We have 
the following observations. 


2.2.7 


(a) From the target-independence in Proposition 

, for n < M - 1 ; 


we know that there exists a number M such that 
Uf'nUp=(d, forn=M. 


Given < M), the two sequences continue towards their target points respectively in a con¬ 

ditionally independent way. 


(b) By Theorem 1.1.2 for / = 1,2, we know that the collection of the loops in the union of < Nq) and 

, n > 0) is the same as the collection of the loops in the sequence , n G Z). 

Combining these two facts, we obtain the conclusion. □ 

Proof of Theorem 1.1. 5\ For p > 1, let be the a-algebra generated by {{Llf,n G Z),m < p). Fix / G Hsfi and 
define Xp = E[(/j,/) | #p] for p > 1. 

First, we argue fhaf, fo obfain fhe conclusion, if is sufficienl fo show fhaf 


E 


{{hJ)-Xp) 


0 , as p 


(2.3.1) 


We have fhe following observafions. 


(a) Since {h,f) is infegrable, fhe martingale {Xp,p > 1) converges fo E[(/i,/) | almosf surely and in L^. 


(b) Assuming Equation (2.3.1 1 holds, we have fhaf {Xp,p > 1) converges fo {h,f) in L^. 

Combining fhese fwo facfs, we have fhaf E[(/j,/) 1 1^^] = {h,f) almosf surely, which implies fhe conclusion. 


Next, we show Equation (2.3.1 1 . Eor each p > 1, lef Gp be fhe Green’s function of Dp :=C\ L),„<p 
Since C\Dp has Eebesgue measure zero, we can view Gp as a funcfion defined on C x C and fhe value of Gp on 
C\Dp will nol affecl later integrations. Nofe fhaf Dp has counfably many connecfed componenfs. If x and y are 
confained in fhe same connecfed componenf of Dp, fhen Gp{x,y) is exacfly fhe Green’s funcfion of fhaf componenf 
faking value af (x,y); if x and y are confained in disfincf componenfs of Dp, fhen Gp{x,y) = 0. Since fhe sequence 
{Dp,p > 1) is decreasing, fhe sequence {Gp{x,y),p > 1) is non-increasing for fixed x and y. 

Eef .S' be a compacf sef which confains fhe supporf of /. Then 


E 


{{hj)-XpY 


KJK 


f{x)Gp{x,y)f{y)dxdy < 


KJK 


Gp{x,y)dxdy. 


Nofe fhaf Gp is bounded by Gi which is infegrable; and fhaf lim^ Gp{x,y) = 0, for fixed x and y, since x and y will 
be disconnected by ( {L'f , n G Z), m < p) for p large enough. Thus f^ Gp{x,y)dxdy —)• 0, which implies Equation 

dmi. □ 
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3 Continuum exploration process starting from interior 
3.1 Growing process of CLE 4 

In this section, we will introduce a continuum growing process of CLE 4 . We first recall some features of CLE and 
refer to IISW12II for details and proofs; and then recall the construction and properties of the continuum growing 
process of CEE 4 and refer to IIWW13II for details and proofs. 

CEE is a random collection of non-nested disjoint simple loops that possesses Conformal Invariance and Do¬ 
main Markov Property. The loops in CEE are SEEx^-type loops for some tc G (8/3,4]; moreover, for each such 
value of K, there exists exactly one CEE distribution that has SEEx-type loops. We denote the corresponding CEE 
by CEEk- for fc G (8/3,4). Throughout the current paper, we fix fc = 4. 

We call a bubble Z in U if Z C U is a simple loop and Z n 5U contains exactly one point; we call the point 
in Z n^U the root of Z, denoted by R(l}. Consider a CEE in U, draw a small disc B{x,e) with center x G 5U 
and radius e > 0, and let Z® be the loop in CEE that intersects B{x,e) with largest radius. Define fhe quantify 
u{e) = P[Z® surrounds fhe origin]. The law of Z® normalized by l/u{e) converges fo a limit measure (see IISW121 
Section 4]), denoted by M{x). Define SEE 4 -bubble measure M by 

M= dxM{x ), 

Jx^dV 

where dx is Eebesgue measure on 5U. When fC = 4, fhe bubble measure M is conformal invarianf. Namely, for any 
Mobius Iransformafion (j) of U, we have ^oM = M (see IIWW131 Lemma 6 ]). 

Eel (Z„ ,M > 0) be a Poisson poinf process wifh infensify M. (In ofher words, lef {{lj,tj),j G 7) be a Poisson 
poinf process wifh infensify M x [0,oo), and fhen arrange fhe bubbles according fo fime tj, i.e. denote fhe bubble Ij 
by Z„ if M = tj, and Z„ is empty sef if fhere is no tj fhaf equals u.) Clearly, fhere are only counfably many bubbles in 
{lu,u> 0 ) fhaf are nol empfy sef. 

We will consfrucf a growing process from fhe sequence of bubbles (Z„,m > 0). Define ty fo be fhe firsf fime 
u fhaf Z„ surrounds fhe origin. Consider fhe sequence (Z„,0 < n < ty). Eor each n < ty, fhe bubble Z„ does nol 
surround fhe origin. Define /„ fo be fhe conformal map from fhe connecfed componenf of U \ Z„ fhaf confains fhe 
origin onto fhe unif disc such fhaf fu{0) = 0 and /j((0) > 0. We have fhe following properties. See IISW121 Section 
7] 

(a) The stopping time ty has exponential law: P[Ti > u] = 

(b) Eor 5 > 0 small, let ui,U 2 ,---,Uj be fhe times u before ty al which fhe bubble Z„ has radius greater lhan 5. 

Define 'P^ = /„^. o • • • o /„j. Then almosl surely converges to some conformal map *P in Caralheodory 
topology seen from fhe origin as 5 goes fo zero. Therefore, 'P can be inlerpreled as 'P = and 'P 

maps some simply connecfed open subsel of U onto U. 

(c) Define = *P^^ (Z^J. Then has fhe same law as fhe loop in CLE 4 fhaf surrounds fhe origin. In particular, 
Ltj is a simple loop. We give fhe clockwise orienlalion fo fhe loop L^:^. 

(d) Generally, for each u <Zi, we can define 'P„ = and 'P„ maps some simply connecfed open subsel of 

U onto U. We denote by fhe boundary of 'P^^(U) which is a quasisimple loop. We give fhe counter¬ 
clockwise orienlalion fo . Nole fhaf *P„ is fhe conformal map from fhe connecfed componenf of U \ L„_ 
fhaf confains fhe origin onto U wifh *Pi,(0) = 0 and *P(,(0) > 0. 

(e) Eor each n < ty, lef L„ be fhe boundary of (/» o (U). See Eigure 
and we give counlerclockwise orienlalion to if. 

Erom fhe above conslrucfion, we gel a sequence of quasisimple loops (L„,0 < « < ty) from fhe sequence of 
bubbles (Z„,0 < « < Ti). We will show fhe sequence (L„,0 < « < Ti) is cMlag. Before fhis, we need to be precise 
aboul fhe topology. Eix z G C and consider a sequence of quasisimple loops (L„,?i >1). Eor each n, denote by 


3.1.1 


Then L„ is a quasisimple loop 
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(a) The boundary of ' (U) is a quasisimple loop, denoted by L„_. 




(b) The boundary of (/„ o ^ (U) is a quasisimple loop, denoted by L„. 

Fig. 3.1.1 : The growing process of CLE 4 . For each w < Ti, the map 'Em = Os<ufs is a conformal map 
from some simply connected subset of U onto U. 


the connected component of C \ L„ that contains z. We say that the sequence (L„ , n > 1) converges to a quasisimple 
loop L in Caratheodory topology seen from z if the sequence > 1) converges to in Caratheodory topology 
seen from z where is the connected component of C \ L that contains z- 

Lemma 3.1.1. Consider the sequence of quasisimple loops (L„,0 <u<Z\). 

• For each u G [0, Ti), the right limit limy|„Lv exists and equals Lu almost surely ; 

• For each u G (0, Ti], the left limit limy^j, Ly exists and equals Lu- almost surely. 

Proof First, we show the conclusion for the right limit. For u G [0,Ti) and v G (m,Ti), we have the following 
observations. 

(a) The map /„ o 'Ey (resp. /y o 'Ey) is the conformal map from the connected component of U \ Lu (resp. 

U \ Ly) that contains the origin onto U with /„ o *T,,(0) = 0 and (/„ o *T„)'(0) > 0 (resp. /y o *Ty(0) = 0 and 

(b) As V f M, the map /y o 'Ey converges almost surely to /„ o in Caratheodory topology seen from the origin. 
Combining these two facts, we have that the right limit limy|„Ly exists and equals Lu- 

Next, we show the conclusion for the left limit. For u G (0, Ti] and v G [0, u), we have the following observations. 

(a) The map /„ o (resp. /y o *Fy) is the conformal map from the connected component of U \ L„ (resp. 

U\Ly) that contains the origin onto U with /„ o*F„(0) = 0 and (/„ o*F„)'(0) > 0 (resp. /y o*Fy(0) = 0 and 

(/vO'Fy)'(0)>0). 

(b) As V t u, the map /y o *Fy converges almost surely to in Caratheodory topology seen from the origin. 
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Fig. 3.1.2: Explanation of the definition of the eompaet sets D and F\ in the left figure, the gray region 
is F whieh is the eompaet set lying between and in the right figure, the gray region 
is D whieh is the compact set lying between <90 and the bubble . 


Combining these two facts, we have that the left limit limy^„ Ly exists and equals L„_. □ 

Consider the Poisson point process (Z„, n > 0) and keep the same notations as above. Recall that *Pti = °u<xifu 
is the composition of maps /„ which is the conformal map from the connected component of U \ Z„ that contains 
the origin onto U with /h(0) = 0 and /^(O) > 0. The loop is the boundary of In other words, 'Pn 

is the conformal map from the connected component of U \ Lt, _ that contains the origin, denoted by 1/^1 -, onto U 
with (0) = 0 and 'P;^ (0) > 0. 

Define the compact set F to be the domain lying between 5U and (see Figure [3T^ : 

and denote its law by /i^. Note that the complement of F in the Riemann sphere has two connected components: 
1/^1 - and C U {oo} \ U. 

The bubble is the first bubbie in > 0) that surrounds the origin. Define the compact set D to be the 
domain lying between 9U and (see Figure [TTT] ): 

D = U\int(ZTi), 


and denote its law by /i^. Note that the complement of D in the Riemann sphere has two connected components: 
int(ZT|) and C U {oo} \ U; and that the interior of D is simply connected. 

The loop has the same law as the loop in CLE 4 in the unit disc that surrounds the origin. Define A to be the 
annuius lying between 5U and : 

A = U\int(LT,), 

and denote its law by /r|. 

From the above analysis, we have the following relation between the pair (F,D) and the loop in CLE 4 . 


Lemma 3.1.2. Suppose that {F,D) is a pair of compact sets sampled according to the law Pp ( 8 ) pf)- Let *Pf be 
the conformal map from the connected component ofC\F that contains the origin onto U with 'Pf(O) = 0 and 
n(o) > 0 . Then the law of the compact set F U 'P^ ' (D) is the same as the law of the closure of an annulus with 
law /r|. 

3.2 From discrete to continuum exploration of GFF 


In this section, we will explain how to couple GPP with the sequence of quasisimple loops (Li(,0 < « < Ti) intro¬ 
duced in Section 3.1 Roughly speaking, the sequence (L„,0 < u < Ti) can be viewed as the limit of the upward 
height-varying sequence of level loops as the height difference goes to zero. 
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Suppose that /j is a zero-boundary GFF on U. Fix r G (0,1), let (L„,0 < n < N) he the upward height-varying 
sequence of level loops with height difference rX starting from Lq = 5U (counterclockwise) targeted at the origin, 
where N is the transition step. We have the following properties. 

(a) The transition step satisfies geometric distribution. The normalized quantity Nr/2 converges in distribution 
to exponential law as r goes to zero. 

(b) The loops L„ are counterclockwise for 0 < n < — 1; and the loop is clockwise. 

(c) For any stopping time M < N, the conditional law of h given (L„ ,0 < n < M) is the same as GFF on 
U \ U„<mT„ whose boundary value is, for each n, 

{ —nrX , to the left-side of L„, 

2X — nrX , to the right-side of L„. 

Let (L„,0 < n < iV) be the upward height-varying sequence of level loops of h with height difference rA/2, 
where iV is the transition step. By IIWW161 Lemma 3.4.1], the relation between (L„,0 <n <N) and (L„,0 <n <N) 
can be summarized as follows. 

(a) Almost surely, we have L 2 n = L„ for 1 <n<N—\. 

(b) There are two possibilities for Lj^\ 


A = 2 A — 1 , Lff C. int(Liv), if L 2 n-\ is clockwise; 

N = 2A, = Ln, if L 2 w-iis counterclockwise. 


Suppose that A is a zero-boundary GFF in U. For each k > 1, let (L^,0 <n < N^) be the upward height-varying 
sequence of level loops with height difference 2^^X starting from Lq = targeted at the origin, where is the 
transition step. From the above analysis, we have the following observations. 

(a) For each k> I, define Then 

0< <2^*^^ foralU>L 

Thus, fhe sequence > 1) almosf surely converges fo some limif, denoted by which has exponen¬ 

tial law. 


(b) We have 

int(T^t+i) C inl(L^,)> for all k > 1 . 

The sequence ,k> 1) almosf surely converges in Carafheodory fopology fo some limif, denofed by , 
which has fhe same law as fhe loop in CLE 4 fhaf surrounds fhe origin IIWW161 Proposifion 3.4.2]. 

We reindex each sequence (L*,0 < n < A^) in fhe following way: 


rW _ rk 


for 




n+\), Q<n<N^-l. 


For each 0 < u < lef be fhe conformal map from inl(Li*^^) onto U wifh = 0 and > 0. 

Suppose fhaf (/„,«> 0) is a Poisson poinf process wifh intensify SLE 4 -bubble measure M and lef T\ be fhe firsf 
time u fhaf surrounds fhe origin. Eor each m G [0, Ti), lef fu be fhe conformal map from fhe connecfed componenf 
of U \ lu thaf confains fhe origin onto U wifh /m( 0) = 0,/^(0) > 0. Eor u G (0, Ti], lef 'Pj, = which is well- 

-^(U). Then 


3.1 


defined, see Section 
we have fhe following convergence. 


EelL^j be 


and for u G [0, Ti), lef Lu be fhe boundary of (/„ o 'Ey 
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Lemma 3.2.1. The family of conformal maps <u< converges almost surely to some limit < 

u < ) with respect to the topology of local uniform convergence. Namely, for any 5 > 0 and every compact 

interval [a,b], the map converges almost surely to uniformly on 

[a,b] X {w G U : dist(w,Lfo_) > 8 and w G 

where Uj^_ is the connected component of\]\Lh^ that contains the origin. 

Moreover, the family of conformal maps ('L;“\o <u< has the same law as the family <u<Zi). 

Proof. Note that, for each u, the sequence of simply connected domains (int(L|f ^), ^ > 1) is decreasing. To show the 
convergence of the domains in Caratheodory topology (seen from the origin), it is sufficient to show the convergence 
in conformal radii (seen from the origin) (CR ^int(Li*^^)^ ,k > 1) (see HWWlhi Lemma 3.2.1]). 


For M > 0 and m> n, define 


Mu = log 


CR int(Lj,' 


(«) 


. (m) 


> 0 . 


CR (^int(Lr 

By IIWW16[ Lemma 3.3.8], we have the following observations. 

(a) There is a universal constant C such that < C2^”. 

(b) We can show that the process {Mu,u > 0) is a non-negative submartingale. 
Combining these two facts with Doob’s maximal inequality, we have that, for any e > 0, 

CR fint(Li"^ 


sup 

u€\a,b] 


log- 


. (m) 


> £ 


C 

< - 2 -\ 

e 


□ 


CR (^int(Lr 

This implies the uniform convergence in conformal radii, which completes the proof. 

Remark 3.2.2. From the convergence in Lemma 3.2. 1\ we have the following observations. 

(1) Almost surely, the sequence {L^^f ., ^ > 1) monotonically converges to some limit, denoted by in Caratheodory 
topology seen from the origin. Moreover, the loop has the same law as the loop in CLE 4 that surrounds 
the origin. 

(2) Almost surely, for each u G (0,t1“1], the sequence {L^u\k >1) monotonically converges to some limit, 
denoted by in Caratheodory topology seen from the origin. Moreover, the loop has the same law 


as Lu- for the sequence (L„,0 < « < Ti) introduced in Section 3.1 

(3) Define 

^ ^(oc). ^ ^ foruG[0, ). 

" ' I'lu 

Then the sequence < u < has the same law as the sequence (L„,0 <u<X\) introduced in 

Section \3.1\ 

(4) The sequence <u< is almost surely determined by the field h. 


From the convergence in Lemma 3.2.1 we get the coupling between GFF and the sequence of quasisimple 
loops (L „,0 < M < Tl). 
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Proposition 3.2.3. There exists a coupling between zero-boundary GFF and cddldg sequence of adjacent qua¬ 
sisimple loops (L„,0 <u<Z\) such that, for any stopping time T < Z\, the conditional law ofh given {Lu,u < T) 
is the same as GFF whose boundary value is, for each u G [0, T], 


—2Xu, to the leftside ofLu, 
2 A (1 — m) , to the right-side ofL^. 


In particular, for any stopping time T < Ti, given (L„,0 <u<T), let Uj be the connected component of\I\Lj 
that contains the origin, then the conditional law of h restricted to Uj is the same as GFF with boundary value 
—2XT. Given (L„,0 < u < Ti), the conditional law ofh restricted to int(LT|) is the same as GFF with boundary 
value 2A(1 — Ti). See Figure 3.2.1 (a). 



(a) Upward continuum exploration process. For u <Ti, 
the loop L„ is counterclockwise and the boundary 
value is —2Xu to the left-side of L„. The loop is 
clockwise and the boundary value is 2 A (1 — Ti) to 
the right-side of . 


(b) Downward continuum exploration process. For u < 
Ti, the loop Lu is clockwise and the boundary value 
is 2A(1 -|- m) to the right-side of L„. The loop is 
counterclockwise and the boundary value is 2 Ati 
to the left-side of Lt:^ . 


Fig. 3.2.1: Explanation of the upward and the downward continuum exploration processes of GFF. 


Proposition 3.2.4. In the coupling between GFF h and cddldg sequence of quasisimple loops (L„,0 < u < Xy) as 
in Proposition 3.2.3 the sequence of loops < u < Ti) is almost surely determined by the field h. 


Proof. First, we show that, for any v G (0,1] and v < Ti, let La be the level loop of h with height —A -\-2Xa for 
some a G (0,v), then La stays outside of which is the connected component of lU\Lv that contains the origin. 
By the coupling in Proposition 3.2.3 we know that, given (L„,m < v), the conditional law of h restricted to is 
the same as GFF with boundary value —2Av. If La enters U^, then the pieces of La in are level lines of /z|j/o 


with height —A -|-2Aa. Whereas —A -|-2Aa — 2Av < —A, this contradicts with Lemma 2.2.1 Item (1). 


For each k > 1, let (L^,0 <n< N^) be the upward height-varying sequence of level loops of h with height 
difference 2^^A, where is the transition step. We reindex the sequence in the following way: 


rW _ rk 


for 2-'^-^n<u<2-’‘-\n + l), 0<n<N'‘-l. 


We use the same notations as in Remark 13.2.21 

Second, we show that, for any v G (0,1] and v < Ti, the loop Lv_ almost surely coincides with and hence 
the loop Lv_ is almost surely determined by h. We have the following observations. 
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■W 


3.2.1 


(a) By the first ste p, we know that, for each k> the loop L\, ^ stays outside of L,,-. By Lemma 

Remark 3.2.2 we know that, almost surely, the sequence {l^\k > 1) monotonically converges to L 
Since each loop in the sequence stays outside of Lv_, the limit also stays outside of L,,-. 


and 

(“) 
'V— • 


(b) The loop has the same law as L^- 


Combining these two facts, we have that Lv°°^ and L,,- coincide. 

Third, we show that, for any m G (0,1) and u <T\, the loop L,, almost surely coincides with and hence the 
loop L„ is almost surely determined by h. This is true because L„ = limi,|„ L,,-. 

Fourth, we show that, for any u < T\, the loop coincides with and is almost surely determined by /i; 
and that, the loop coincides with and is almost surely determined by h. We only show the conclusion for L„ 
and the conclusion for can be proved similarly. 

Assume that u < hq for some integer no > I, define uj = ju/no- We can prove by induction on j that is 
almost surely determined by h. When j = 1, since ui G (0,1), the conclusion holds by the third step. Suppose that 
the conclusion holds for j, consider the loop Lu.^^, we have the following observations. 

(a) The loop is almost surely determined by h. Let Uj be the connected component of U \ that contains 
the origin. We also know that the conditional law of h restricted to Uj is the same as GFF with boundary 
value —2Xuj. 

(b) The sequence (L„^.+„,0 < u < Ti — Uy) is coupled with h\^Q in the same way as in Proposition 

is almost surely determined by h\^o by the third step. 

Combining these two facts, we have that is almost surely determined by h. 

Finally, we show that, the loop is almost surely determined by h. By the fourth step, we know that, for any 
M < Ti, the loop coincides with Therefore, > Ti. Whereas, the quantity has the same law as 
Ti, thus = Ti almost surely. We will argue that stays outside of L^j. Assume this is true, then we know 
that the limit stays outside of Lt, . Combining with the fact that has the same law as Lt, , we know that 
Lt, coincides with and hence it is almost surely determined by h. Thus, we only need to show that stays 
outside of . We have the following observations. 

(a) By the coupling in Proposition |3.2.3[ we know that, the conditional law of h restricted to ) is the same 
as CFF with boundary value 2A (1 — Ti). 

(b) The loop is a level loop of h with height —X +2Xx^^\ 

(c) We know that = X\. 


3.2.3 


thus 


Combining these three facts, if enters int(LTi), then the pieces of in int(Lf() are level lines of /z|int(LT,) with 
height —X+2X. Whereas, —X + 2X + 2A(1 — Ti) > X, this contradicts with Lemma 


2 . 2.1 


Item (1). 


□ 


In the coupling {h, (L„,0 < u < Ti)) given by Proposition 3.2.3 we call the sequence of quasisimple loops 


(Fm, 0 < M < Ti) the upward continuum exploration process of h targeted at the origin. The following proposition 
describes the target-independence of the continuum exploration process. 


Proposition 3.2.5. Suppose that h is a zero-boundary GFF on U. Fix two target points z, w G U. Let {L^,0 < u < Tj) 
(resp. {L^ ,0 <u<t'^)) be the upward continuum exploration process ofh targeted at z( resp. targeted atw). Define 
stopping times: (with the convention that inf0 = oo) 


T = inf{M G [0, Tj] : disconnects wfrom z}; S = infju G [0, Tf] : disconnects zfrom w}. 

Then, almost surely, we have T = S; moreover, the loops and coincide for all u <T = S. 
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(a) We know that the loops and coincide for m < T (the left panel). Asu"[T, the two left limits may become 
disjoint (the right panel). In this case, we have S = T. 



(b) As M t ths two left limits may coincide. In this figure, at time T, the loop Lj disconnects w from z by 
attaching a bubble that surrounds w to Lj_. In this case, we have S = T. 



(c) As u'l T, the two left limits may coincide. In this figure, af fime T, fhe loop Lj is a bubble fhaf disconnecfs w 
from z. In fhis case, we have S = T. 


Fig. 3.2.2 : Consider two upward continuum exploration processes with distinct target points: (L^, 0 < 
u < Tj) and (CJJ, 0 < w < Tp. Suppose that T is the first time u that disconnects w from z. 
We know that, for all u<T, the loops and coincide. As u'l'T, there are two possibilities 
for the loops Lj_ and Lj_: they are disjoint (a) or they coincide (b)(c). 


Proof. First, we show the conclusion for the case T = oo. This is the case that w is contained in int(LA). In this 
case, we have that the sequence (L^,0 <u<t\) is coupled with h in the same way as the upward continuum 
exploration process targeted at w. By Proposition 3.2.4 we have that the two sequences (L^,0 < u < Tf) and 
(L^,0 < M < rj) coincide. In particular S = o°. 


Next, we show the conclusion for the case T < zf Let U be any (Ly,0 < u < Tjj-stopping time such that 
U < T. Note that the sequence (LJ,0 < u <U) is coupled with h in the same way as the upward continuum 
exploration process targeted at w stopped at U. Combining with Proposition |3.2.4[ we know that the two sequences 
(L^,0 < u <U) and {L'^,0 < u <U) coincide. This holds for any U < T. In particular, for any u < T, we have 
LI =Lf. We only need to show that S = T. 

Consider the relation between Lj_ and Lj_, there are two possibilities: the two loops are disjoint (see Figure 
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3.2.2 'a))or the two loops coincide (see Figure [33^ b)(c)). In the former case, clearly, we have S = T. In the latter 

If the loop Lj has the same orientation as Lj_ (Figure 

^ This 


case, let us consider the relation between Lj and Lj 


3.2.2 b)), then at time T, the loop Ll 


disconnects w from z by attaching a bubble that surrounds w to Lj 


implies that Lj is exactly this bubble, thus S = T. If the loop Lj has the different orientation from Lj_ (Figure 

3.2.2 c)), in other words T = Tj, then at time T, the loop Lj is a bubble attaching to Lj 

z 


z. This implies that is the union of L‘j anu 


and Lr_. Thus S = T. 


that disconnects w from 

□ 


From Proposition 3.2.5[ we see that two upward continuum exploration processes with distinct target points 
coincide up to the first disconnecting time. In fact, in IIWWI31 Lemma 8 ], the authors prove that the two processes 
(constructed from Poisson point process of SLE 4 -bubbles): (L^,0 < « < Tj) and {L^,0 < u < Tj^) have the same 
law up to the first disconnecting time, and hence can be coupled so that they coincide up to the first disconnecting 
time. By Proposition 3.2.5[ we see that GFF provides exactly this coupling. Namely, we couple the two processes 
with the same GFF h so that (L^,0 < u < Tj) is the upward continuum exploration process of h targeted at z and 
{L^,0 < M < Tp is the upward continuum exploration process of h targeted at w. Then the two processes almost 
surely coincide up to the first disconnecting time. 

Now we can consider the upward continuum exploration processes of GFF h targeted at all points in U simul¬ 
taneously. Note that, for each pair of points (z, w), the process targeted at z and the process targeted at w coincide 
up to the first disconnecting time. We summarize some properties of the process in the following. 


Proposition 3.2.6. Suppose that h is a zero-boundary GFF on U. 

(1) The upward continuum exploration processes targeted at all points in U are almost surely determined by h. 

(2) The law of the upward continuum exploration processes targeted at all points in U is invariant under any 
Mobius transformation o/U. 

(3) The collection of all clockwise loops in the upward continuum exploration processes targeted at all points in 
U has the same law as CLE 4 in U. 


3.3 Alternating continuum exploration process of GFF 

In this section, we will describe an alternating continuum exploration process which can be viewed as the limit 
of the alternating height-varying sequence of level loops as the height difference goes to zero. Before this, let us 
summarize what we have obtained by now. 

Suppose that (Z„, u > 0) is a Poisson point process with SEE 4 -bubble measure M. Eet Ti be the first time u that 
In surrounds the origin. Define 


Zk+i = infjn > Tk'-lu surrounds the origin}, k>\. 


(a) Erom Section 3.1 we can map the bubbles (4,0 < « < Ti) one-by-one into the unit disc U and obtain a 
cadlag sequence of quasisimple loops (L„,0 <u<Xi). We give the counterclockwise orientation to the 
loops L„ for 0 < M < Ti ; and the clockwise orientation to the loop . The loop Lt:^ has the same law as the 
loop in CEE 4 that surrounds the origin. 


(b) Erom Section |3.2[ we know that there exists a coupling between zero-boundary GEE and the sequence 
(^MjO < M < Ti) such that, for any stopping time T < Ti, the conditional law of h given (L„,0 < n < T) is 
the same as GEE with certain boundary value. Moreover, in this coupling, the sequence of loops is almost 
surely determined by the field. 


In this construction, we call the sequence of loops (L„,0 <u <T\) the upward continuum exploration process 
of h starting from Lq = (counterclockwise) targeted at the origin. See Eigure [T2n] (a). Symmetrically, we can 
also construct the downward continuum exploration process of a GEE h with 2A boundary value in U starting 
from Lo = (clockwise) targeted at the origin. See Eigure 3.2.1 b). Note that, for the downward continuum 
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exploration process (L„,0 < « < Ti), we have that, for any stopping time T <T\, the conditional law of h given 
(f-M, 0 < M < r) is the same as GFF whose boundary value is 


{ 2 Am, to the left-side of L„, 

2 A (1 -|- m) , to the right-side of L„. 

In particular, for any stopping time T < Ti, the conditional law of h, given (L„,0 < u < T), restricted to the 
connected component of tLJ\L 7 that contains the origin is the same as GFF with boundary value 2X{\ + T). The 
conditional law of h, given (L„,0 <u<T\), restricted to int(LT,) is the same as GFF with boundary value 2 Ati. 

Now we can construct alternating continuum exploration process going all the way to the origin. Suppose 
that /j is a zero-boundary GFF on U and Lq = 5U is oriented counterclockwise. We start by the upward continuum 
exploration process (Lj,, 0 < « < Ti) which can be viewed as being constructed from (Z„, 0 < « < Ti). Given (L„ ,0< 
u < T\), the conditional law of h restricted to int(LTi) is the same as GFF with boundary value 2A(1 — Ti). We 
continue the process by the downward continuum exploration process of h restricted to int(LT|): (L„, Ti <u<X 2 ). 
This process can be viewed as being constructed from (Zm,Ti <u < ^ 2 ). Given (L,,,0 <u< Z 2 ), the conditional law 
of h restricted to ) is the same as GFF with boundary value 2A (T 2 — 2ti ). 

Generally, given (Lj,,0 < u < X 2 k) for some k > 1, we continue the sequence by the upward continuum ex¬ 
ploration process {Lu,T 2 k < « < '^ 2 k+\) and then continue the sequence by the downward continuum exploration 
process {Lu,'C2k+\ <u< Z2k+2)- 

In this way, we obtain a sequence of quasisimple loops (L „,u >0) which we call the alternating contin¬ 
uum exploration process of h starting from Lq = targeted at the origin. We call {Zk,k>0) the sequence of 
transition times. For the sequence of transition times, we have the following. 

(a) For k>0, the loops L„ have the same orientation for u £ [Zk, ), which is different from . 

(b) The random variables — Zk,k> 0) are i.i.d. with exponential law. 

We summarize some basic properties of the alternating continuum exploration process of GFF in the following 
proposition. 


Proposition 3.3.1. Suppose that {Lu,u > 0) is the alternating continuum exploration process of a zero-boundary 
GFF h. Then we have the following. 

(1) The sequence {Lu,u > 0) is almost surely cddlcig and transient. 

(2) The sequence {Lu,u > 0) is almost surely determined by h. 

(3) The sequence (L„, m > 0) satisfies domain Markov property: for any stopping time T, let Uj be the connected 

component o/U \ Lj that contains the origin, and let gj be the conformal map from Uj onto U with gj (0) = 

0 and § 7 ( 0 ) > 0. Then the sequence (g 7 (L 7 +„),M > 0) has the same law as the alternating continuum 

exploration process of GFF. 


Proof. Lemma [ 3 . 1.1 implies that the sequence is cMlag; Proposition 3.2.4 implies that the sequence is almost 
surely determined by the field; and the domain Markov property is immediate from the construction. We only need 
to explain that the sequence is transient. 

Note that has the same law as the loop in CLE 4 that surrounds the origin. In particular, n = 0 and 
there exist T] G (0,1) and p G (0,1) such that 


P [Lt, C T 7 U] > p. 

Then the transience can be proved similarly as the proof of Proposition|2.2.6| 


□ 


By Proposition 3.2.5| we have the following target-independence property of the alternating continuum explo¬ 
ration process. 
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Proposition 3.3.2. Suppose that h is a zero-boundary GFF in U. Fix two target points wi,W 2 G U. For i = 1,2, 
let [F^' ^u > 0 ) be the alternating continuum exploration process ofh starting from L^' = targeted at w,-; and 
denote by Uf' the connected component of\]\L^' that contains w,-. Then there exists a number T such that 

foru<T- up n Up = 0. 


Given {Up ,u <T), the two processes continue towards their target points respectively in a conditionally 
independent way. 


Suppose that /j is a zero-boundary GFF on U and {L^^,u > 0) is the alternating continuum exploration process 
of h targeted at z where {Tpk > 0) is the sequence of transition times. We know that the loop Up has the same law 
as the loop in CLE 4 in U that surrounds z. By domain Markov property, we know that the sequence {LF ,k>\) has 
the same law as the sequence of loops in nested CLE 4 in U that surrounds z- 

Erom Proposition 3.3.2[ we know that the two alternating continuum exploration processes of h with distinct 
target points coincide up to the first disconnecting time. Eet us consider the alternating continuum exploration 
processes of h targeted at all points in U simultaneously. We summarize some properties of this process in the 
following proposition. 


Proposition 3.3.3. Suppose that h is a zero-boundary GFF in U. For each z G U, let (Lpu > 0) be the alternating 
continuum exploration process targeted at z and let {ttpk > 1 ) be the sequence of transition times. 

(1) The alternating continuum exploration processes targeted at all points in U are almost surely determined by 

h. 


(2) The law of the alternating continuum exploration processes targeted at all points in U is invariant under any 
Mobius transformation o/U. 

(3) The collection of loops {LF : k > l,z € U} in the alternating continuum exploration processes targeted at 
all points in U has the same law as nested CEE 4 in U. 


Proof of Theorem 1.2. 1\ This can be completed similarly as the proof of Theorem| 1.1.1 


□ 


In the coupling {h, {Lu,u G M)) as in Theorem 1.2.1 we call the sequence (L„,m G M) the alternating con¬ 
tinuum exploration process of h starting from the origin targeted at infinity when D = C (resp. starting from z 
targeted at dD when D C C). 


3.4 Interaction 


The following proposition describes the interaction between the continuum exploration process and the level line 


of GFF, it can be proved similarly as the proof of Proposition 2.3.1 


Proposition 3.4.1. Fix a domain D <zC with harmonically non-trivial boundary. Fix three points z G D,x G dD 
and y € D. Let h be a GFF on D, let {Lpu G M) be the alternating continuum exploration process ofh starting 
from z targeted at dD, and let be the level line ofh with height m G M starting from x targeted at y. For any 
{L^,u G "Edj-stopping time T, assume that the loop Lj does not hit dD and Lj has boundary value c to the leftside 
and 2A +c to the right-side. On the event hits L^}, we have that 


2A +C + M G (—A, A), ifLj is counterclockwise, 
c + M G (—A, A), ifLj is clockwise. 


Moreover, the level line stays outside ofLj. 


The following proposition describes the interaction between two alternating continuum exploration processes 
with distinct starting points. 
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(a) Case 1. The loop Lj_ does not disconnect w from oo and Lj_ is clockwise. The conditional law of h restricted 
to Uj is the same as GFF with boundary value 2X +c. 

T z j z 

l^T- C 



(b) Case 2. The loop L\ does not disconnect w from oo and Lj is counterclockwise. The conditional law of h 
restricted to Uj is the same as GFF with boundary value 2A + c. 



(c) Case 3. The loop disconnects w from oo. The conditional law of h restricted to Uj is the same as GFF with 
boundary value c. 

Fig. 3.4.1 : Consider two alternating eontinuum exploration proeesses with distinet starting points: 

(L^, M G M) and (LJJ', w G M). Suppose that T is the first time u that diseonneets w from oo. 
Assume that Lj. has boundary value c to the left-side and 2A -|- c to the right-side. Assume 
that Lj is eloekwise. There are three possibilities for the relation between Lj and Lj . 


Proposition 3.4.2. Let h be a whole-plane GFF modulo a global additive constant in M. Fix two starting points z 
and w. Let {L^,,u G M) (resp. €M.)) be the alternating continuum exploration process ofh starting from z 

(resp. starting from w) targeted at oo. Define stopping times 

T = inf{M : L\ disconnects wfrom oo}; 5 = inf{M : disconnects zfrom oo}. 

Then, almost surely, the quasisimple loops Lj and coincide. 

Proof We will argue that is contained in the closure of ext(L}.). If this is true, then by symmetry, the loop Lj 
is contained in the closure of ext(L^). Combining these two facts, the two loops Lj and have to be equal. 
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We may assume that Uj is clockwise and the case that Uf is counterclockwise can be proved similarly. We 
assume that Lj has boundary value c to the left-side and 2A -I- c to the right-side. There are three possibilities for 
the relation between Lj and Lj : 

• Case 1. The loop L\_ does not disconnect w from oo and L\_ is clockwise (Figure [3.4.l| ^a)). 

• Case 2. The loop Lj_ does not disconnect w from oo and Lj^_ is counterclockwise (Figure [3.4. Ij ^b)). 

• Case 3. The loop L^_ disconnects w from oo (Figure [3.4. l[ ^c)). 

Let be the connected component of C \ Uu<T^i that contains w. From the coupling between h and the 
sequence {L\,u G M), we have the following. 

(a) Given (L^, n <T), the conditional law of h restricted to ext(Ly) is the same as GFF with boundary value c. 

(b) Given {L^^,u <T), the conditional law of h restricted to Uj is the same as GFF with boundary value 

{ c, if dU^ is counterclockwise; 

2 A -|- c, if dUj is clockwise. 


Fix some p G M so that is contained in Uj. Consider the field restricted to ext(Lp. Given {L^,u < P), 
the conditional law of h restricted to ext(Lp is the same as GFF and the process {L^,u > p) is the alternating 
continuum exploration process of /j|ext(Lp targeted at For each k>l, let > 0) be the alternating height- 

varying sequence of level loops of /z|ext(L);) with height difference starting from targeted at o°. Let 

be the first n such that L,7’* disconnects z from oo. We know that the loop almost surely converges to in 
Caratheodory topology seen from oo as k goes to oo. Therefore, in order to show that is contained in the closure 
of ext(L^), it is sufficient to show that, for each k large enough, the loop is contained in the closure of ext(Ly). 
We prove this case by case. 

Case 1. Consider the sequence {Ln’^,n > 0). Let N be the first n that Ln'^ exits Uj. Assume that the level loop 
has height u. We have the following observations. 

(a) Since the loops and have nonempty intersection, the loop has nonempty intersection with 

dU^. 


(b) The pieces of L 


w,k 

'N 


Lemma 2.2.1 Item 


that are outside of Uj are level lines of /z|ext(L^) with height u, thus c -|- m G (—A, A) by 
( 1 )- 


(c) For each v such that c -|- v G (—A, A), let L,, be the level loop of /z|ext(L^^) with height v targeted at oo. Clearly, 
Ly disconnects both z and w from oo. 


Combining these three facts with Lemma 

r w,k 


2.2.3 


we know that coincides with L„. Consequently, the loop L 


w,k 

'N 


is the first loop in {Ln' ,n > 0) that disconnects z from oo and it is contained in the closure of ext(L 


TJ- 


Case 2. Consider the sequence ,n > 0). Let N be the first n that exits Uj. Assume that the level loop 
has height u. If has non-trivial pieces in ext(Ly), then the same argument for Case 1 would show that 
is the first loop in {Ln'^,n > 0) that disconnects z from oo and it is contained in the closure of ext(L^). In fact, it is 
impossible that n ext(Ly) = 0. We will prove it by contradiction. Assume that n ext(Ly) = 0. We have the 

following observations. 


(a) The loop can hit dUj from the inside, this implies that 2A -|-c « G (—A, A) by Lemma 


2 . 2.1 


Item (3). 


(b) Consider the field h resfricfed fo Uj, if has boundary value 2A -|-c. For any v such fhaf 2A -|-c-|-v G (—A, A), 
lef Ly be fhe level loop wifh heighf v. Clearly, if is confained in Uj. 

Combining fhese fwo facls, fhe loop has fo coincide wifh L„. This confradicfs wifh fhe facl fhaf exifs U^. 












3 Continuum exploration process starting from interior 


38 


Case 3. Let q be any {L\,u G M)-stopping time such that q <T. We have the following observations. 


(a) Recall that {Ln'^,n > 0) is the alternating height-varying sequence of level loops of /z|ext(L^') that is 
the first n such that disconnects z from oo. 


(b) the sequence {Ll,u < q) is coupled with /j|ext(L») in the same way as in Theorem 1.2.1 stopped at q. 


Combining these two facts with Proposition 

fW,/: • 


3.4.1 


we have that each loop in {Ln'^,n > 0) stays outside of U In 


particular, the loop is contained in the closure of ext(L^). 


Consider the field /r restricted to ext(L^), form >> k, let {Ln'^ > 0) be the alternating height-varying sequence 

of level loops of /z|ext(L‘) with height difference starting from targeted at oo. Let be the first n that L; 


z,m 


disconnects >v from oo. We can see that, for fixed k and for m large enough, the loop is contained in the closure 
of ext(L^D. As m goes to oo, this implies that the loop 
the proof. 


is contained in the closure of ext(Ly). This completes 

□ 


Proof of Theorem \l.2.3\ This can be proved similarly as the proof of Theorem 1 1.1.3 1 where we replace Proposition 
2.3.3 by Proposition [34^ and replace Proposition|2.2.4|by Proposition|3.2.4[ 


□ 


Proof of Theorem\l.2.2\ This can be proved similarly as the proof of Theorem 1.1.2 where we replace Theorem 


1.1.3 by Theorem 1.2.3 


□ 


Proof of Theorem \l.2.4\ This can be proved similarly as the proof of Theorem 1 1.1 .4| where we replace Proposition 
2.2.7| by Proposition |3.3.2[ □ 


Proof of Theorem \l.2.5\ This is can be proved similarly as the proof of Theorem|LL5[ 


3.5 Reversibility 


In this section, we will complete the proof of Theorem 1.2.6 and derive some consequences. 


Lemma 3.5,1. Suppose that h is a whole-plane GFF modulo a global additive constant in M. Let {L^^°°,u G M) be 
the alternating continuum exploration process of h starting from the origin targeted at Define T to be the first 
time u that disconnects 1 from oo. Define to be the event that the loop Ljf’^ does not disconnect 1 from 

oo and that T is a transition time (see Figure 3.5.1 a)). On the event define D^^°° to be the domain between 

the loop and the loop 

D°^“ = ext(L0'^“) \ ext(L?.-^“). 


Similarly, we can define the event E°°^^ and the domain D°°^^ for the alternating continuum exploration process 
of h starting from oo targeted at the origin. Then, almost surely on the event E^^°°, the event £"“^0 holds and 
the regions D^^°° and D°°^^ coincide. 


Proof. For z,>v G C, we denote by ,u G M) the alternating continuum exploration process of h starting from 
z targeted at w. Define 

T = inf{M : disconnects 1 from oo}, 

£0^“ _ 1 ^ 0 -^“ jjQgg disconnect 1 from oo and T is a transition time}; 
f = infju : disconnects 1 from oo}, 

£*’^' = does not disconnect 1 from oo and f is not a transition time}; 

S = inf{M : disconnects 0 from 1}, 

£“^' = {LJ^^ does not disconnect 0 from 1 and S is not a transition time}; 
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^0-KX) 


✓ \ 

✓ \ 

/ \ 





1 



(a) Consider the alternating continuum exploration process starting from the origin targeted at oo. The event 
requires that does not disconnect 1 from oo and that T is a transition time. 


T- / \ 



(b) Consider the alternating continuum exploration process starting from the origin targeted at 1. On the event 
we have that does not disconnect 1 from oo and that T is not a transition time which is 



(c) Consider the alternating continuum exploration process starting from oo targeted at 1. On the event E^^^, we 
have that can not disconnect 0 from 1 and that S is not a transition time which is E°°^^. 




(d) Consider the alternating continuum exploration process starting from oo targeted at the origin. On the event 
E°°^^, we have that can not disconnect 0 from 1 and that 5 is a transition time which is E°°^^ 

Fig. 3.5.1: Explanation of the behaviors of eontinuum exploration proeesses in Lemma! 


3.5.1 
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S = 'mf{u : disconnects 0 from 1}, 


£■“^0 = does not disconnect 0 from 1 and 5 is a transition time}. 

We have the following observations. 

(a) Consider the sequences G M) and G M). By Theorem 


r 0 — 


= £ 


0^1 


for all M < r = T. On the event E' 


, u G 
0 — 


1.2.4 


we have that 


moreover, the connected component of C \ ‘ that contains 1, denoted by Uf 


we know that T = T and 
= and that holds; 
coincides with the interior 


of See Figure [T5JJa)(b). 

(b) Consider the sequences , n G M) and , n G M). By Theorem 


1.2.3 


coincide. In particular, on the event the event E°°~^^ holds and the connected component of C \L^ 


we know that and 

oo—yl 


that contains 1, denoted by t7| 


00^1 


, coincides with See Figure 3.5.1 'b)(c). 


(c) Consider the sequences G M) and G M). By Theorem 


1.2.4 


we know that S = S and 

for all M < S = S. On the event E°°^^, we have that and that E°°^^ holds; 


moreover, the domain coincides with the interior of D"^”. See Figure 


3.5.1 


:c)(d). 


Combining these three facts, we have that, almost surely on E^^^ 
and coincide. 


the event £“^0 holds and that the regions D' 


, 0^0 


□ 


Remark 3.5.2. Assume the same notations as in Lemma 3.5.1 we have the following consequences. 

(a) Both the loops L^°° and Ljf°° are simple loops. 

(b) Consider the compact set its interior is simply connected and its complement in the Riemann sphere 

has two connected components: one contains the origin and the other one contains °°. 


Proof of Theorem 1.2.6 We only need to show that the two unions of transition regions coincide, and this implies 
that the two unions of stationary regions coincide. 

For any z G C, suppose that z is contained in the interior of Since G Z) is a sequence of 

compact sets with disjoint interiors, there is exactly one that contains z- By Lemma : 


3.5.1 


there exists 


that contains z; moreover, the region coincides with This implies that the union CjDj 


JO 


^ 0 —>£> 


in the union UjDj^. Combining with the symmetry, the two unions coincide. 


is contained 

□ 


Suppose that his a whole-plane GFF modulo a global additive constant in M. Let {L^^°°,u G M) be the alter¬ 
nating continuum exploration process of h starting from the origin targeted at oo where {ujJ G Z) is the sequence 


of transition times. Let G Z) (resp. (£y °°,7 G Z)) be the sequence of transition regions (resp. the se¬ 


quence of stationary regions) of h starting from the origin targeted at oo. From Remark 3.5.2 we have the following 
observations. 


(a) For each transition time uj, the loops £°T^°° and £°t 1°° are simple loops. 

(b) For each j, the interior of Dy^“ is simply connected, and the complement of in the Riemann sphere 
has two connected components: one contains the origin and the other one contains oo. 

(c) For each j, the complement of E^^°° in the Riemann sphere has two connected components: one contains 
the origin and the other one contains oo. (The interior of E^^°° is an annulus when the loops and 

are disjoint, or is not connected when the loops L^f^°° and have non-empty intersection.) 

(d) The complement of the union UyDy^°° is the union of interiors of £?^“. 
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